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Abstract. Connection matrices are one of the central tools in Con-
ley’s approach to the study of dynamical systems, as they provide infor-
mation on the existence of connecting orbits in Morse decompositions.
They may be considered a generalization of the boundary operator in
the Morse complex in Morse theory. Their computability has recently
been addressed by Harker, Mischaikow, and Spendlove [8] in the context
of lattice filtered chain complexes. In the current paper, we extend the
recently introduced Conley theory for combinatorial vector and multi-
vector fields on Lefschetz complexes [13] by transferring the concept of
connection matrix to this setting. This is accomplished by the notion of
connection matrix for arbitrary poset filtered chain complexes, as well
as an associated equivalence, which allows for changes in the underlying
posets. We show that for the special case of gradient combinatorial vec-
tor fields in the sense of Forman [6], connection matrices are necessarily
unique. Thus, the classical results of Reineck [20, 21] have a natural
analogue in the combinatorial setting.
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2 MARIAN MROZEK AND THOMAS WANNER

1. Introduction

Classical Morse theory concerns a compact smooth manifold together with
a smooth, real-valued function with non-degenerate critical points. An im-
portant part of the theory concerns the Morse complex which is a chain
complex whose ith chain group is a free abelian group spanned by critical
points of Morse index i and whose boundary homomorphism is defined by
counting the (oriented) flow lines between critical points in the gradient flow
induced by the Morse function (see [12, Section 4.2]). The fundamental re-
sult of classical Morse theory states that the homology of the manifold is
isomorphic to the homology of the Morse complex.

The stationary points of the gradient flow in Morse theory, which are pre-
cisely the critical points of the Morse function, provide the simplest example
of an isolated invariant set, a key concept of Conley theory [3]. For every iso-
lated invariant set there is a homology module associated with it. It is called
the homology Conley index. A (minimal) Morse decomposition is a decom-
position of space into a partially ordered collection of isolated invariant sets,
called Morse sets, such that every recurrent trajectory (in particular every
stationary or periodic trajectory) is located in a Morse set and every non-
recurrent trajectory is a heteroclinic connection between Morse sets from a
higher Morse set to a lower Morse set in the poset structure of the Morse
decomposition. The collection of stationary points of the gradient flow of a
Morse function provides the simplest example of a Morse decomposition in
which the Morse sets are just the stationary points and the Conley index of
a stationary point coincides with the homology of a pointed k-dimensional
sphere with k equal to the Morse index of the point.

Conley theory in its simplest form may be viewed as a twofold general-
ization of Morse theory. On one hand it substantially weakens the general
assumptions by replacing the smooth manifold by a compact metric space
and the gradient flow of the Morse function by an arbitrary (semi)flow. On
the other hand it replaces the collection of critical points of the Morse func-
tion by the more general Morse decomposition in which the counterpart of
the Morse complex takes the form of the direct sum of the Conley indexes of
all Morse sets. The homology of this generalized complex, as in the Morse
theory, is isomorphic to the homology of the space. The boundary operator
in this setting is called the connection matrix [7]. As in the Morse theory the
connection matrix is defined in terms of the flow. The construction of con-
nection matrix is technically complicated, in part because the generalized
setting captures the situations of bifurcations when, unlike the Morse theory,
the connection matrix need not be uniquely determined by the flow. Since a
few years ago, connection matrices, despite their complicated construction,
may be computed by algorithmic means due to an efficient algorithm re-
cently proposed by Harker, Mischaikow, and Spendlove [8]. The algorithm
utilizes a clear separation of dynamics and algebra which facilitates viewing
a connection matrix as a purely algebraic object associated with every lattice
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filtered chain complex and considering a connection matrix of a Morse de-
composition as a connection matrix of a filtered chain complex constructed
from a lattice of attractors of the Morse decomposition.

Conley theory, in particular via connection matrices, is a very useful tool
in the qualitative study of dynamical systems. However, to apply it one
requires a well-defined dynamical system on a compact metric space. This
is not the case when the dynamical system is exposed only via a finite
set of samples as in the case of time series collected from observations or
experiments. The study of dynamical systems known only from samples
becomes an important part of the rapidly growing field of data science. In
this context a generalization of Morse theory presented by Robin Forman [6]
turned out to be very fruitful. In this generalization the smooth manifold is
replaced by a finite CW complex and the gradient vector field of the Morse
function by the concept of a combinatorial vector field. These structures may
be easily constructed from data and analyzed by means of the combinatorial,
also called discrete, Morse theory by Forman.

Recently, the concepts of isolated invariant set and Conley index have
been carried over to this combinatorial setting [13, 17, 11]. In this paper we
extend the ideas introduced there by constructing connection matrices of a
Morse decomposition of a combinatorial multivector field. A problem here
is that the dynamics of combinatorial vector and multivector fields is, by its
very nature, multivalued. One can give examples which demonstrate that
index filtrations, that is certain lattice homomorphisms needed in the con-
struction of the connection matrices, fail to exist in the case of multivalued
dynamics. Actually, such examples exist also in the setting of multivalued
flows in compact metric spaces. We overcome this difficulty by looking into
the whole family of Morse decompositions with varying poset structure. By
adding some Morse sets with trivial Conley index we reduce the problem to
a special case when the index filtrations do exist and their construction is
straightforward. The added Morse sets may then be removed by introducing
a certain equivalence in the category of filtered chain complexes with a vary-
ing poset structure. This lets us consider connection matrices in the setting
of combinatorial vector and multivector fields and prove the uniqueness of
connection matrices for gradient combinatorial vector fields.

2. Main results

The main result of the paper is the following theorem.

Theorem 2.1. Assume V is a gradient combinatorial vector field on a Lef-
schetz complex X. Then the Morse decomposition consisting of all the crit-
ical cells of V has precisely one connection matrix. It coincides with the
matrix of the boundary operator of the associated Morse complex.

The connection matrix need not be unique in the case of a general com-
binatorial multivector field or in the case of a non-gradient combinatorial
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Figure 1. A multivector field (left) and its two different
Forman refinements (middle and right).

vector field. This is illustrated in Figure 1 with three examples: a combina-
torial multivector field in the left and two combinatorial vector fields, one
in the middle and in the right. All three examples have the same collection
of critical cellsM := {B,C,F,AB,DF } andM is a Morse decomposition
for all of them. One can verify that the left example has two connection
matrices with coefficients in Z2:

C1 :=

B C F AB DF
B 0 0 0 1 1
C 0 0 0 1 0
F 0 0 0 0 1

AB 0 0 0 0 0
DF 0 0 0 0 0

, C2 :=

B C F AB DF
B 0 0 0 1 0
C 0 0 0 1 1
F 0 0 0 0 1

AB 0 0 0 0 0
DF 0 0 0 0 0

The matrix C1 is the unique matrix of the combinatorial multivector field
shown in the middle of Figure 1, while C2 is the unique matrix for the
combinatorial multivector field shown on the right.

3. Preliminaries

3.1. Sets and maps. We denote the sets of reals, integers, positive integers,
and non-negative integers by R, Z, N, and N0, respectively. Given a set X,
we write cardX for the number of elements of X and we denote the family
of all subsets of X by P(X). By a partition of a set X we mean a family
E ⊂ P(X) of mutually disjoint non-empty subsets of X such that

⋃
E = X.

For a subfamily E ′ ⊂ E of a partition E of X we will use the compact notation
|E ′| to denote the union of sets in E ′, that is, |E ′| =

⋃
E ′. We say that a

subset E ⊂ X is E-compatible with respect to a partition E of X if we have
E = |E ′| for a subfamily E ′ ⊂ E .

A K-indexed family of subsets of a set X is an injective map K 3 k 7→
Xk ∈ P(X). We denote such a family by (Xk)k∈K . Note that every family
E ⊂ P(X) may be considered as an E-indexed family E 3 E 7→ E ∈ P(X).
In this case we say that E is a self-indexing family. By a K-gradation of a
setX we mean aK-indexed family (Xk)k∈K such that {Xk}k∈K is a partition
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of X. Note that every surjective map f : X → K provides a K-gradation
(f−1(k))k∈K of X. We refer to this K-gradation as the f -gradation of X.
Given A ⊂ X and a gradation (Xk)k∈K of X, by the induced gradation we
mean the gradation (A∩Xk)k∈KA of A where KA := { k ∈ K | A ∩Xk 6= ∅ }.

We write f : X 9 Y for a partial map from X to Y , that is, a map
defined on a subset dom f ⊂ X, called the domain of f , and such that
the set of values of f , denoted im f , is contained in Y . Partial maps are
composed in the obvious way: If f : X 9 Y and g : Y 9 Z are partial
maps, then the domain of their composition g ◦ f : X 9 Z is given by
dom(g ◦ f) = f−1(dom g), and on this domain we have (g ◦ f)(x) = g(f(x)).

In the sequel, we work with the category of finite sets with a distinguished
subset, denoted DSet, and defined as follows. The objects of DSet are pairs
(X,X?), where X is a finite set and X? ⊂ X is a distinguished subset. The
morphisms from (X,X?) to (Y, Y?) in DSet are subset preserving partial
maps, that is, partial maps f : X 9 Y such that X? ⊂ dom f and f(X?) ⊂
Y?. One easily verifies that DSet with the composition of morphisms defined
as the composition of partial maps and the identity morphism defined as the
identity map is indeed a category.

3.2. Relations, multivalued maps and digraphs. Given a set X and a
binary relation R ⊂ X ×X, we use the shorthand xRy for (x, y) ∈ R. The
inverse of R, denoted R−1, is the relation R−1 := { (y, x) | xRy }. By the
transitive closure of R we mean the relation R̄ ⊂ X × X given by xR̄y if
there exists a sequence x = x0, x1, . . . , xn = y such that n ≥ 1 and xi−1Rxi
for i = 1, 2, . . . , n. Note that R̄ is transitive but need not be reflexive. The
relation R̄∪ idX , where idX stands for the identity relation on X, is reflexive
and transitive. Hence, it is a preorder, called the preorder induced by R. An
element y ∈ X covers an x ∈ X in the relation R if xRy and x 6= y, but
there is no z ∈ X such that x 6= z 6= y and both xRz and zRy are satisfied.

A multivalued map F : X ( Y is a map F : X → P(Y ). For A ⊂ X
we define the image of A by F (A) :=

⋃
{F (x) | x ∈ A } and for B ⊂ Y we

define the preimage of B by F−1(B) := {x ∈ X | F (x) ∩B 6= ∅ }.
Given a relation R, we associate with it a multivalued map FR : X ( X,

by FR(x) := R(x), where R(x) := { y ∈ X | xRy } is the image of x ∈ X in
R. Obviously, R 7→ FR is a one-to-one correspondence between binary rela-
tions in X and multivalued maps from X to X. Often, it will be convenient
to interpret the relation R as a directed graph whose set of vertices is X and
a directed arrow goes from x to y whenever xRy. The three concepts rela-
tion, multivalued map and directed graph are equivalent on the formal level
and the distinction is used only to emphasize different viewpoints. However,
in this paper it will be convenient to use all these concepts interchangeably.

3.3. Partial orders. Recall that a preorder in a set P is a reflexive and
transitive relation in P . If not stated otherwise we denote a preorder by ≤
and its inverse by ≥. We also write < and > for the associated strict
preorders, that is, the relations ≤ and ≥ excluding equality. A partial order
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is a preorder which is antisymmetric. We also recall that a preordered set (a
poset) is a pair (P,≤) where P is a set and ≤ is a preorder (a partial order)
in P . Whenever the preorder (the partial order) is clear from the context,
we shorten the notation (P,≤) to P .

Given a preordered set P we say that a q ∈ P covers a p ∈ P if p < q and
there is no r ∈ P such that p < r < q. We say that p is a predecessor of q
if q covers p. Recall that a subset A ⊂ P is convex if the conditions x, z ∈ A
and x ≤ y ≤ z imply y ∈ A. A set A ⊂ P is a down set or a lower set if
the conditions z ∈ A and y ≤ z yield y ∈ A. Dually, the subset A ⊂ P is an
upper set if z ∈ A and z ≤ y guarantee y ∈ A.

We denote the family of all down sets in P by Down(P ). For A ⊂ P we
further write A≤ := {x ∈ P | ∃a∈A x ≤ a } and A< := A≤ \A.

Proposition 3.1. If I is convex, then both I≤ and I< are down sets.

Proof: The verification that I≤ is a down set is straightforward. To see
that I< is a down set take an x ∈ I<. Then we have x 6∈ I and x < z for
some z ∈ I. Let y ≤ x. Then y ∈ I≤. Since I is convex, we cannot have the
inclusion y ∈ I. It follows that y ∈ I<. �

Let P and P ′ be posets. We say that a partial map f : P 9 P ′ is order
preserving if the conditions x, y ∈ dom f and x ≤ y imply f(x) ≤ f(y). We
say that f is an order isomorphism if f is an order preserving bijection such
that f−1 is also order preserving.

We define the category DPSet of posets with a distinguished subset as
follows. Its objects are pairs (P, P?) where P is a finite poset and P? ⊂ P
is a distinguished subset. A morphism from (P, P?) to (P ′, P ′?) in DPSet
is an order preserving partial map f : P 9 P ′ such that P? ⊂ dom f
and f(P?) ⊂ P ′?. One easily verifies that DPSet with the composition
of morphisms defined as the composition of partial maps and the identity
morphism defined as the identity map is indeed a category. Moreover, since
every set may be considered as a poset partially ordered by the identity
and, clearly, every partial map preserves identities, we may consider DSet
as a subcategory of DPSet. In this case, every partial map is automatically
order preserving.

To simplify notation, in the sequel we denote objects of DSet and DPSet
with a single capital letter and the distinguished subset by the same letter
with subscript ?.

3.4. Distributive lattices. For the terminology of this paper concerning
lattices we refer to [23]. Here we briefly recall that a lattice is a triple (L,∨,∧)
where L is a set and ∨,∧ : L×L → L are binary operations on L which are
called join and meet, respectively, and which are idempotent, commutative,
associative and satisfy the absorption rule, that is, a∨(a∧b) = a∧(a∨b) = a
for all a, b ∈ L. A lattice is distributive if the operations ∨ and ∧ are mutually
distributive. If there exists an element a ∈ L such that a = a ∧ b for every
b ∈ L, it is called a zero element. It is straightforward to observe that if a
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zero element exists, it is unique. We denote it by 0. Similarly, if there exists
an element a ∈ L such that a = a ∨ b for every b ∈ L, it is called a unit
element. If a unit element exists, it is unique. We denote it by 1. A bounded
lattice is a quintuple (L, 0, 1,∨,∧) such that (L,∨,∧) is a lattice with 0 ∈ L
as zero element and 1 ∈ L as unit element.

In the sequel we assume that every considered lattice is a finite, distribu-
tive, and bounded lattice. By saying that L is a lattice, we actually mean
the lattice (L, 0, 1,∨,∧) in general notation — unless we specify precisely or
it is clear from context what the zero, the unit, and the operators ∨ and ∧
are.

A subset L′ ⊂ L is a sublattice of a lattice L if the zero and unit elements
of L belong to L′ and the binary operations ∨ and ∧ in L are closed with
respect to L′, that is, we have both ∨(L′ × L′) ⊂ L′ and ∧(L′ × L′) ⊂ L′.
Then L′ with 0, 1, and the restricted operations ∨|L′×L′ , ∧|L′×L′ is itself a
lattice.

Given two lattices L and L′, a map h : L → L′ is called a lattice homomor-
phism (or briefly, a homomorphism) if it preserves the binary operations ∨
and ∧, and it maps the zero and unit elements in L to the zero and unit
elements in L′, respectively.

A non-zero element a ∈ L is called join-irreducible, if a = a1 ∨ a2 implies
that a = a1 or a = a2. We denote the set of join-irreducible elements of L
by JIrr(L). Every lattice induces a partial order ≤L on L given by a ≤L b
if one has a = a ∧ b. We note that zero is the only element in the resulting
poset (X,≤L) which has no predecessor. In fact, we have the following
proposition.

Proposition 3.2. Assume that L is a finite, bounded, distributive lattice
and that a ∈ L. Then a is join-irreducible if and only if a has exactly one
predecessor with respect to the lattice induced partial order ≤L.

Proof: Assume a ∈ L is join-irreducible. Then, a 6= 0. Hence, a has
a predecessor. Suppose bi for i ∈ {1, 2} are two predecessors of a. Then
bi <L a and bi = bi ∧ a, as well as (b1 ∨ b2)∧ a = (b1 ∧ a)∨ (b2 ∧ a) = b1 ∨ b2.
Thus, b1 ∨ b2 ≤L a and, by the absorption rule, bi ≤L b1 ∨ b2 for i = 1, 2.
Since bi is a predecessor of a, either b1 ∨ b2 = bi or b1 ∨ b2 = a. The latter is
not possible, because a is join-irreducible. Hence b1 ∨ b2 = bi for i ∈ {1, 2}.
In consequence b1 = b2, which proves the uniqueness of the predecessor.

To prove the opposite implication, assume to the contrary that a has
exactly one predecessor and that a is not join-irreducible. Then a 6= 0
and a = a1 ∨ a2 for some a1, a2 ∈ L such that a1 6= a 6= a2. By the
absorption rule ai ≤L a for i ∈ {1, 2}. Let āi be a predecessor of a such
that ai ≤L āi. It suffices to prove that ā1 6= ā2, because then a has more
than one predecessor. Thus, assume ā1 = ā2 and set ā := ā1 = ā2. Then
(a1 ∨ a2) ∧ ā = (a1 ∧ ā) ∨ (a2 ∧ ā) = a1 ∨ a2. It immediately follows that
one then has a = a1 ∨ a2 ≤L ā <L a, a contradiction proving that ā1 6= ā2.
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Therefore, a has at least two predecessors — which in turn contradicts the
assumption that a has exactly one predecessor. �

If a ∈ L is join-irreducible, we denote the unique predecessor of a with
respect to ≤L by a?.

We recall that by P(X) we denote the family of all subsets of a set X. It
is straightforward to observe that given an arbitrary finite set X, the quin-
tuple (P(X),∅, X,∪,∩) is a lattice. Moreover, the lattice induced partial
order on P(X) coincides with the inclusion relation ⊂. If P is a finite poset,
then Down(P ) is a sublattice of the lattice P(P ). The Birkhoff represen-
tation theorem [2] states that every finite, bounded, distributive lattice is
isomorphic to a lattice of down sets. More precisely, we have the following
theorem.

Theorem 3.3 (Birkhoff, 1937). Every finite, bounded, distributive lattice L
is isomorphic to the lattice of down sets of the partially ordered set of join-
irreducible elements of L. �

3.5. Topological spaces. For our terminology concerning topological
spaces we refer the reader to [4, 19]. Recall that a topology on a set X
is a family T of subsets of X which is closed under finite intersections and
arbitrary unions, and which satisfies ∅, X ∈ T . The sets in T are called
open. The interior of A, denoted intA, is the union of all open subsets of A.
A subset A ⊆ X is closed if X \A is open. We denote by Clsd(X) the family
of closed subsets of X. Note that Clsd(X) is a sublattice of the lattice P(X)
of subsets of X. The closure of A, denoted clT A, or by clA if T is clear
from context, is the intersection of all closed supersets of A.

Given two topological spaces (X, T ) and (X ′, T ′) we say that f : X → X ′

is continuous if U ∈ T ′ implies f−1(U) ∈ T . If we want to emphasize the
involved topologies we say that f : (X, T )→ (X ′, T ′) is continuous.

Recall that a subset A of a topological space X is called locally closed, if
every point x ∈ A admits a neighborhood U in X such that A∩U is closed
in U . Locally closed sets as well as moA := clA \ A, which we refer to as
the mouth of A, are important in the sequel.

Proposition 3.4 (see Problem 2.7.1 in [4]). Assume that A is a subset of a
topological space X. Then the following conditions are pairwise equivalent.

(i) A is locally closed,
(ii) the mouth of A is closed in X,
(iii) A is a difference of two closed subsets of X,
(iv) A is an intersection of an open set in X and a closed set in X.

Proof: It is obvious that (ii) implies (iii), (iii) implies (iv), and (iv) implies
(i). Thus, it suffices to prove that if (ii) fails, then so does (i). Hence, assume
that the mouth moA = clA\A is not closed in X. Then there exists a point
x ∈ cl(clA \ A) \ (clA \ A). It follows that x ∈ A. Let U be an arbitrary
neighborhood of x in X. We will prove that A∩U is not closed in U . Since
x ∈ cl(clA \ A), we can find a point y ∈ (clA \ A) ∩ U . Let V be an open



CONNECTION MATRICES IN COMBINATORIAL TOPOLOGICAL DYNAMICS 9

neighborhood of y in X. Then also V ∩ U is a neighborhood of y in X.
Since y ∈ cl(clA \ A) ⊂ clA, we see that V ∩ U ∩ A 6= ∅. Since all open
neighborhoods of y in U are of the form V ∩ U where V is open in X, we
see that y ∈ clU (U ∩A). However, y 6∈ A, hence, y 6∈ U ∩A. It follows that
U ∩ A is not closed in U . This holds for every neighborhood U of x in X.
Therefore, A is not locally closed. �

The topology T is T2 or Hausdorff if for any two different points x, y ∈ X
there exist disjoint sets U, V ∈ T such that x ∈ U and y ∈ V . It is T0 or
Kolmogorov if for any two different points x, y ∈ X there exists a U ∈ T
such that U ∩ {x, y} is a singleton.

A topological space is a pair (X, T ) where T is a topology on X. We often
refer to X as a topological space assuming that the topology T on X is
clear from context. Given Y ⊂ X, the family T Y := {U ∩ Y | U ∈ T } is a
topology on Y called the induced topology. The topological space (Y, T Y )
is called a subspace of (X, T ). For A ⊂ Y we write clY A := clT Y A.

3.6. Finite topological spaces. We say that a topological space X is a
finite topological space if X is finite. Finite topological spaces differ from
general topological spaces because the only Hausdorff topology on a finite
topological space X is the discrete topology consisting of all subsets of X.
In consequence, unlike in Hausdorff topological spaces, the closure of a sin-
gleton need not be a singleton. Moreover, for any A ⊂ X we have

(1) clA =
⋃
x∈A

clx

where we abbreviate cl{x} to the more convenient notation clx. A remark-
able feature of finite topological spaces is the following theorem.

Theorem 3.5 (P. Alexandrov [1]). For a preorder ≤ on a finite set X, there
exists a topology T ≤ on X whose open sets are precisely the upper sets with
respect to ≤. Conversely, if for a given topology T on a finite set X we
define

x ≤T y ⇐⇒ x ∈ clT y ,

then ≤T is a preorder. The correspondences T 7→ ≤T and ≤ 7→ T ≤ are
mutually inverse. Under these correspondences, continuous maps are trans-
formed into order-preserving maps, and vice versa. Moreover, the topology T
is T0 if and only if the preorder ≤T is a partial order.

Locally closed sets have a special characterization in finite topological
spaces.

Proposition 3.6. Assume X is a finite topological space and A ⊂ X. Then
the set A is locally closed if and only if for all x, y, z ∈ X one has

(2) x, z ∈ A, x ∈ cl y, y ∈ cl z ⇒ y ∈ A.
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Proof: Assume A ⊂ X is locally closed, x, z ∈ A, x ∈ cl y, y ∈ cl z, as
well as y 6∈ A. Then y ∈ moA. Since x ∈ cl y, we get from Proposition 3.4
that x ∈ moA. In particular, one obtains x 6∈ A, which is a contradiction
proving (2). To prove the opposite implication, assume that a subset A ⊂ X
satisfies assumption (2). By Proposition 3.4 it suffices to prove that moA
is closed. For this, take an x ∈ cl moA and assume x 6∈ moA. Since
cl moA ⊂ clA, we get x ∈ clA. Since x 6∈ moA, one has x ∈ A. Thus, we
get from (1) that x ∈ cl y for a y ∈ moA. In particular, y ∈ clA and by (1)
y ∈ cl z for a z ∈ A. Hence, it follows from (2) that y ∈ A. But, y ∈ moA
implies that y 6∈ A, a contradiction proving that moA is closed. �

3.7. Modules. For the terminology used in the paper concerning modules
we refer the reader to [14]. Here, we briefly recall that a module over a ring R
is a triple (M,+, ·) such that (M,+) is an abelian group and · : R×M →M
is a scalar multiplication which is distributive with respect to the additions
in M and R, and which satisfies both a · (b · x) = (ab) · x and 1R · x = x
for x ∈ M and a, b ∈ R. We shorten the notation a · x to ax. We often say
that M is a module assuming that the operations + and · are clear from
context. Recall that a submodule of M is a subset N ⊂M such that N with
the operations + and · restricted to N is itself again a module. Finally, for
submodules N1, N2, . . . , Nk of a given module M , their algebraic sum

N1 +N2 + · · ·Nk := {x1 + x2 + . . .+ xk ∈M | xi ∈ Ni }
is easily seen to be a submodule of M . We call it a direct sum and denote
it by the symbol N1⊕N2⊕ . . .⊕Nk, if for each x ∈ N1 +N2 + . . .+Nk the
representation x = x1 + x2 + . . .+ xk with xi ∈ Ni is unique. We note that
for a module M the family of submodules of M , denoted by Sub(M), forms
a lattice (Sub(M), 0,M,∩,+).

A subset Z ⊂M generates M if for every element x ∈M \{0} there exist
elements x1, x2, . . . , xn ∈ Z and a1, a2, . . . , an ∈ R such that x =

∑n
i=1 aixi.

A subset Z ⊂M is linearly independent if for any choice of x1, x2, . . . , xn ∈ Z
and a1, a2, . . . , an ∈ R the equality

∑n
i=1 aixi = 0 implies a1 = a2 = . . . = 0.

A linearly independent subset B ⊂ M which generates M is called a basis
of M . A module may not have a basis. If it does have a basis, the module
is called free. We note that ∅ is the unique basis of the trivial module {0}.

Assume that M is a free module and that B ⊂ M is a fixed basis. Then
we have the associated bilinear map 〈·, ·〉B : M × M → R, called scalar
product, and defined on basis elements b, b′ ∈ B by 〈b, b′〉B := 0 for b 6= b′, as
well as 〈b, b′〉B := 1 for b = b′. For an element x ∈ M we define its support
with respect to B as |x|B := { b ∈ B | 〈x, b〉B 6= 0 }. One easily verifies that
for all x, y ∈M
(3) |x+ y|B ⊂ |x|B ∪ |y|B.

Assume that X is a finite set. Then the collection R〈X〉 := { f : X → R }
of all functions forms a module with respect to pointwise addition and scalar
multiplication. We note that R〈∅〉 is the zero module. For every x ∈ X
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we have a function x̄ : M → R which sends x to 1 and any other element
of X to 0. One easily verifies that X̄ := { x̄ | x ∈ X } is a basis of R〈X〉.
Therefore, R〈X〉 is a free module, and we call R〈X〉 the free module spanned
by X. In the sequel we identify x̄ with x.

Let M and M ′ be two modules over R. A map h : M → M ′ is called a
module homomorphism if we have h(a1x1 + a2x2) = a1h(x1) + a2h(x2) for
arbitrary x1, x2 ∈ M and a1, a2 ∈ R. The kernel of h, denoted by kerh, is
the submodule {x ∈M | h(x) = 0 }, while the image of h, denoted by imh,
is the submodule { y ∈M ′ | ∃x∈Mh(x) = y }.

4. Poset graded and filtered modules

4.1. Gradation of modules. Assume R is a fixed ring and M is a module
over R. LetK be an arbitrary set. Then aK-gradation ofM is a collection of
submodules {Mk}k∈K of M indexed by K, and such that M =

⊕
k∈KMk is

the direct sum of the submodules Mk. This definition requires that K 6= ∅,
but it is convenient to assume that the direct sum over the empty set is
always the zero module. Thus, the only module admitting the ∅-gradation
is the zero module. By a K-graded module over R we mean a module M
over R together with a fixed, implicitly given, K-gradation. Note that the
zero module admits not only the ∅-gradation, but also a unique K-gradation
for each non-empty set K. Thus, for each set K the zero module is a K-
graded module. We denote it by 0K .

If B is a basis of a free module M and A is a partition of B, then M is
A-graded with the gradation

M =
⊕
A∈A

R ·A,

where the expression on the right-hand side is defined as

R ·A =

{
n∑
i=1

riai | ri ∈ R, ai ∈ A, i = 1, . . . , n, n ∈ N

}
.

Note that in the case that A is finite, one can identify R ·A with R〈A〉. As
a special case, consider the situation when the partition of B consists only
of singletons. Then the gradation becomes

M =
⊕
b∈B

R · b.

We refer to this gradation as the B-basis gradation of M .
We say that a submodule M ′ of M is a K-graded submodule if M ′ is also

K-graded with the decomposition

M ′ =
⊕
k∈K

M ′k
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and such that M ′k ⊂Mk. For I ⊂ K we have an I-graded submodule

MI :=
⊕
i∈I

Mi.

The homomorphisms

ιI : MI 3 x 7→ x ∈M
and

πI : M =
⊕
k∈K

Mk 3
∑
k∈K

xk 7→
∑
i∈I

xi ∈MI

are called the associated canonical inclusion and canonical projection. In
the case I = { i } we abbreviate the above notation to ιi and πi.

Assume K ′ is another set and M ′ is a K ′-graded module. For a module
homomorphism f : M → M ′ and subsets J ⊂ K and I ⊂ K ′ we have an
induced homomorphism fIJ : MJ →M ′I defined as the composition

fIJ := πI ◦ f ◦ ιJ ,

where πI : M ′ → M ′I and ιJ : MJ → M . Again, if I = {i} and J = {j} we
abbreviate the notation to fij . One easily verifies the following proposition.

Proposition and Definition 4.1. Assume K and K ′ are finite. Then

(4) f =
∑
i∈K′

ιi
∑
j∈K

fijπj .

In particular, f is uniquely determined by the matrix [fij ]i∈K′,j∈K of homo-
morphisms fij : Mj → M ′i . We refer to this matrix as the (K,K ′)-matrix
of the homomorphism f . �

Notice that in the case when the K- and K ′-gradations are basis grada-
tions given by bases B = {b1, b2, . . . , bn} in M and B′ = {b′1, b′2, . . . , b′m}
in M ′, respectively, then the homomorphisms fij take the form

fij : t · bj 7→ t〈f(bj), bi〉 · bi,

which means that the (K,K ′)-matrix of f may be identified in this case with
the matrix of coefficients 〈f(bj), bi〉.

As in the case of classical matrices one easily verifies the following propo-
sition.

Proposition 4.2. Consider modules M , M ′, and M ′′ which are graded
by K, K ′, and K ′′, respectively. Let f : M → M ′ and f ′ : M ′ → M ′′

be module homomorphisms. Then the (K,K ′′)-matrix of f consists of the
homomorphisms

(5) (f ′f)ik =
∑
j∈K′

f ′ijfjk

for i ∈ K ′′ and k ∈ K. �
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4.2. Graded and filtered homomorphisms. Consider a K-graded mod-
ule M and a K ′-graded module M ′. Let α : K ′ 9 K be a partial map.
We say that a homomorphism h : M → M ′ is α-graded if for every pair of
indices j ∈ K and i ∈ K ′ we have

hij 6= 0 ⇒ i ∈ α−1(j),

which is equivalent to the implication

(6) hij 6= 0 ⇒ i ∈ domα and α(i) = j.

If in addition the sets K and K ′ are partially ordered sets and α is order
preserving, then we say that a homomorphism h : M → M ′ is α-filtered if
for every j ∈ K and i ∈ K ′

(7) hij 6= 0 ⇒ i ∈ α−1(j≤)≤

which is equivalent to

hij 6= 0 ⇒ ∃i′∈K′∩domα i ≤ i′ and α(i′) ≤ j.
These two definitions are illustrated in Figures 2 and 3. The left image in
Figure 2 shows two partially ordered sets together with a partial map α
between them. In the right image of the same figure arrows indicate which
of the homomorphisms hij can be nontrivial if h is α-graded. In contrast,
Figure 3 depicts all possible nontrivial homomorphisms hij if h is α-filtered.
The more involved implication (7) is illustrated in the top left image, which
indicates the sets i≤ and j≤ in light blue. The remaining three panels in
the figure depict all possible nontrivial homomorphisms hij . Clearly, α-
filtered homomorphisms are far less restricted than α-graded ones. In fact,
an α-filtered homomorphism can have a nontrivial hij even if i 6∈ domα or
if j 6∈ imα.

Conditions (6) and (7) for α-graded and α-filtered homomorphisms, re-
spectively, may be simplified if domα = K ′, i.e., if α is actually a function.
This is the subject of the following straightforward proposition.

Proposition 4.3. Assume domα = K ′. Then h : M → M ′ is α-graded if
and only if for every i ∈ K ′ and j ∈ K
(8) hij 6= 0 ⇒ α(i) = j,

and h is α-filtered if and only if

(9) hij 6= 0 ⇒ α(i) ≤ j
for every i ∈ K ′ and j ∈ K. �

Obviously, if α is order preserving and h is an α-graded homomorphism
then h is an α-filtered homomorphism. However, the converse is not true in
general. This can readily be seen from Figures 2 and 3.

We say that a homomorphism h : M →M ′ is filtered (respectively graded)
if K = K ′ and h is idK-filtered (respectively idK-graded). As an immediate
consequence of Proposition 4.3 we get the following corollary.
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Figure 2. Sample α-graded morphism. The left image
shows two posets K and K ′, together with an order pre-
serving partial map α : K ′ 9 K. The panel on the right
indicates the potential nonzero module homomorphisms hij
if h is α-graded.

Corollary 4.4. An endomorphism h : M →M on a module M is graded if
and only if for every i, j ∈ K we have

hij 6= 0 ⇒ i = j,

and h is filtered if and only if one has

hij 6= 0 ⇒ i ≤ j
for every i, j ∈ K. �

Consider now the special case when K = K ′ = Z and α : Z 3 i 7→ i−k ∈ Z
is the left-shift by k on the integers. If in this situation h is α-graded, we
say that it is a Z-graded homomorphism of degree k. When k is clear from
the context, we shorten the notation hj+k,j to hj .

Proposition 4.5. Assume that P and P ′ are posets, α : P ′ 9 P is order
preserving, M is a P -graded module, and M ′ is a P ′-graded module. A
module homomorphism h : M → M ′ is an α-filtered homomorphism if and
only if

(10) h(ML) ⊂M ′α−1(L)≤

for every L ∈ Down(P ).

Proof: Assume that h : M → M ′ is a module homomorphism such
that (10) is satisfied for every L ∈ Down(P ). Moreover, assume that hpq 6= 0
for an element q ∈ P and a p ∈ P ′. Let x ∈Mq be such that hpq(x) 6= 0. If we
consider L := q≤ ∈ Down(P ), then (10) implies h(ML) ⊂ M ′

α−1(L)≤
. Since

x ∈ Mq ⊂ ML, we get h(x) ∈ M ′
α−1(L)≤

. Thus, hp′q(x) = πp′(h(x)) = 0 for

p′ 6∈ α−1(L)≤, which in turn implies that p ∈ α−1(L)≤, in view of hpq(x) =
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Figure 3. Sample α-filtered morphism. The top left image
shows two posets K and K ′, together with an order preserv-
ing partial map α : K ′ 9 K. The remaining three panels
indicate all potentially nonzero module homomorphisms hij
if h is α-filtered.

πp(h(x)) 6= 0. In consequence, p ≤ p̄ for a p̄ with α(p̄) ∈ L = q≤. Therefore,
p ∈ α−1(q≤)≤ which implies (7) and proves that h is α-filtered. To prove the
opposite implication, assume that h : M →M ′ is a module homomorphism
such that property (7) holds. Let L ∈ Down(P ) and consider x ∈ ML.
Without loss of generality we may assume that x ∈ Mq for a q ∈ L. Then
an application of (7) yields

h(x) =
∑
p∈P

hpq(x) =
∑

p∈α−1(q≤)≤

hpq(x),

which means that h(x) ∈ M ′
α−1(L)≤

, since we have α−1(q≤)≤ ⊂ α−1(L)≤.

This establishes the inclusion in (10). �

In the special case when P = P ′ and α = idP we have the following
corollary of Proposition 4.5.
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Corollary 4.6. Assume that P is a poset and that M is a P -graded module.
Then h : M →M is a filtered homomorphism if and only if

(11) h(ML) ⊂ML

for every L ∈ Down(P ).

Proof: By applying our assumptions P = P ′ and α = idP to the setting
of Proposition 4.5, one obtains that α−1(L)≤ = L≤ = L. Therefore, the
condition in (10) reduces to the one in (11). �

Definition 4.7. We say that two P -gradations (Mp)p∈P and (M ′p)p∈P of
the same module M are filtered equivalent, if for every L ∈ Down(P ) we
have ML = M ′L.

As an immediate consequence of Corollary 4.6 one obtains the following
proposition.

Proposition 4.8. Let P be a poset. Assume that M and M ′ are P -graded
modules and that h : M → M ′ is a filtered homomorphism. Then h is a
filtered homomorphism with respect to any filtered equivalent gradation of
the modules M and M ′. �

4.3. The category of graded and filtered moduli. We define the two
categories GMod of graded moduli and FMod of filtered moduli as follows.
The objects of GMod (respectively FMod) are pairs (P,M) where P is an
object of DSet (respectively DPSet) and M is a P -graded module; see
also Sections 3.1 and 3.3. The morphisms in GMod (respectively FMod)
are pairs (α, h) : (P,M) → (P ′,M ′) such that α : P ′ 9 P is a morphism
in DSet (respectively DPSet) and h : M → M ′ is an α-graded (respec-
tively α-filtered) module homomorphism. In the following, we will briefly
refer to morphisms in GMod (respectively FMod) as graded (respectively
filtered) morphisms (α, h) : (P,M) → (P ′,M ′). In the special case when
(P,M) = (P ′,M ′) and α = idP we simplify the terminology be referring to
h as a filtered (respectively graded) morphism meaning that h is idP -filtered
(respectively idP -graded).

One can easily verify that id(P,M) := (idP , idM ) is the identity morphism
on (P,M) in both GMod and FMod. Also, if (α, h) : (P,M) → (P ′,M ′)
and (α′, h′) : (P ′,M ′) → (P ′′,M ′′) are two graded or filtered morphisms,
then we define their composition

(α′′, h′′) := (α′, h′) ◦ (α, h) : (P,M)→ (P ′′,M ′′)

by α′′ := αα′ and h′′ := h′h. This leads to the following fundamental results.

Proposition 4.9. GMod is a well-defined category.

Proof: The only nontrivial part of the proof is the verification that the
composition of two graded morphisms is again a graded morphism. For this,
let (α′′, h′′) := (α′, h′) ◦ (α, h) be given as above. Obviously h′h is a module
homomorphism. We will show that h′′pr 6= 0 for p ∈ P ′′ and r ∈ P implies
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(αα′)(p) = r. Hence, assume that h′′pr 6= 0 for p ∈ P ′′ and r ∈ P . It follows
from Proposition 4.2 that there exists a q ∈ P ′ such that both h′pq 6= 0 and
hqr 6= 0 are satisfied. Therefore, one has to have p ∈ domα′ and α′(p) = q
as well as q ∈ domα and α(q) = r. It follows that p ∈ dom(αα′) and
(αα′)(p) = r. This proves that (α′′, h′′) is a graded morphism. �

A given pair of poset graded morphisms f : (P,M) → (P,M) and
f ′ : (P ′,M ′) → (P ′,M ′) are called graded-conjugate, if there exists a poset
graded isomorphism (α, h) : (P,M)→ (P ′,M ′) such that

(α, h) ◦ f = f ′ ◦ (α, h).

If f and f ′ are graded-conjugate, then we say that their respective (P, P )
and (P ′, P ′) matrices are graded-similar. It is easily seen that the graded
similarity of matrices is an equivalence relation.

Proposition 4.10. FMod is a well-defined category.

Proof: The only nontrivial property to verify is that the composition of
filtered morphisms is again a filtered morphism. For this, consider a compo-
sition (α′′, h′′) := (α′, h′) ◦ (α, h) of filtered morphisms as above. Obviously,
the map αα′ is order preserving and h′h is a module homomorphism. Thus,
we only need to verify that that h′′pr 6= 0 for p ∈ P ′′ and r ∈ P implies

the inclusion p ∈ (αα′)−1(r≤)≤. Hence, assume that h′′pr 6= 0 for p ∈ P ′′

and r ∈ P . It follows from Proposition 4.2 that there exists a q ∈ P ′ such
that h′pq 6= 0 and hqr 6= 0. Therefore, there exist p̄ ≥ p and q̄ ≥ q such
that α′(p̄) ≤ q and α(q̄) ≤ r. Since α is order preserving, it follows that
(αα′)(p̄) ≤ α(q̄) ≤ r. Hence, p̄ ∈ (αα′)−1(r≤) and p ∈ (αα′)−1(r≤)≤. This
proves that (α′′, h′′) is a filtered morphism. �

Proposition 4.11. Assume that the two maps (α, h) : (P,M) → (P ′,M ′)
and (α′, h′) : (P ′,M ′)→ (P,M) are morphisms in FMod which satisfy the
identities domα = P ′ and domα′ = P ′′. Suppose further that α is injective.
If p ∈ P and p′′ ∈ P ′′ are such that αα′(p′′) = p, then

(12) (h′h)p′′p = h′p′′α′(p′′)hα′(p′′)p for p ∈ P .

Proof: We get from Proposition 4.2 that

(13) (h′h)p′′p =
∑
p′∈P ′

h′p′′p′hp′p.

It follows from (9) that the index p′ of a non-zero term on the right-hand
side of (13) must satisfy α′(p′′) ≤ p′ and α(p′) ≤ p. Hence,

p = αα′(p′′) ≤ α(p′) ≤ p.
It follows that α(p′) = p and, since α is injective, we get p′ = α′(p′′). This
proves (12). �

As an immediate consequence of Proposition 4.11 we get the following
corollary.
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Corollary 4.12. Assume that the two maps (α, h) : (P,M)→ (P ′,M ′) and
(α′, h′) : (P ′,M ′) → (P,M) are morphisms in FMod such that α and α′

are mutually inverse bijections. Then

(h′h)pp = h′pα′(p)hα′(p)p for p ∈ P .

Lemma 4.13. A filtered homomorphism (α, h) : (P,M) → (P ′,M ′) is an
isomorphism in FMod if and only if α : P ′ → P is an order isomorphism
and hp′α(p′) : Mα(p′) →M ′p′ is a module isomorphism for every p′ ∈ P ′.

Proof: First assume that (α, h) is an isomorphism in the category FMod.
Let (α′, h′) : (P ′,M ′) → (P,M) be the inverse of (α, h). Then αα′ = idP
and α′α = idP ′ . Since α and α′ are order preserving, we see that α : P ′ → P
is an order isomorphism. It follows from Corollary 4.12 that

(14) idMp = (idM )pp = (h′h)pp = h′pα′(p)hα′(p)p for p ∈ P

and

(15) idMp′ = (idM )p′p′ = (hh′)p′p′ = hp′α(p′)h
′
α(p′)p′ for p′ ∈ P ′.

But, α and α′ are mutually inverse bijections. Hence, substituting p′ := α′(p)
in (14) we get p = α(p′) and

idMα(p′) = h′α(p′)p′hp′α(p′) for p′ ∈ P ′.

It follows that h′α(p′)p′ is the inverse of hp′α(p′). Therefore, hp′α(p′) is a module

isomorphism for every p′ ∈ P ′.
To see the opposite implication, assume that (α, h) : (P,M) → (P ′,M ′)

is a filtered homomorphism such that α : P ′ → P is an order isomorphism
and hp′α(p′) : Mα(p′) →M ′p′ is a module isomorphism for all p′ ∈ P ′. Since P

and P ′ as objects of DPSet are finite sets, we may proceed by induction on
their cardinality n := cardP = cardP ′. If n = 1, then P = {p}, P ′ = {p′}
and hp′α(p′) = hp′p = h is a module isomorphism. Clearly, its inverse is a
filtered homomorphism. Hence, h is an isomorphism in FMod. Thus, we
now assume n > 1. Let p̄′ be a maximal element in P ′. Set p̄ := α(p̄′).
Since α′ is an order isomorphism, we see that p̄ is a maximal element in P .
Let P̄ ′ := P ′ \ {p̄′}, P̄ := P \ {p̄}, M̄ ′ := MP̄ ′ , M̄ := MP̄ . Let Q := {P̄ , p̄}
and Q′ := {P̄ ′, p̄′} be linearly ordered respectively by P̄ < p̄ and P̄ ′ < p̄′.
Then (Q,M) and (Q′,M ′) are graded modules. Define ᾱ : Q′ → Q through
the identities ᾱ(P̄ ′) := P̄ and ᾱ(p̄′) := p̄. We will prove that

(16) hp̄′p = 0 for p ∈ P̄ .

Arguing by contradiction, assume that hp̄′p 6= 0 for a p ∈ P̄ . Since h is an
α-filtered homomorphism, we get from (7) that hp̄′p 6= 0 implies p̄′ ≤ ¯̄p′ for
some ¯̄p′ ∈ domα such that α(¯̄p′) ≤ p. Since p̄′ is maximal in P ′, we obtain
both p̄′ = ¯̄p′ and p̄ = α(p̄′) ≤ p. Since p̄ is maximal in P , this further implies
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the equality p = p̄, a contradiction proving (16). Hence, the identity in (4)
yields hp̄′P̄ =

∑
p∈P̄ hp̄′p ◦ πp = 0. Therefore, the (Q,Q′)-matrix of h is[

hP̄ ′P̄ hP̄ ′p̄
0 hp̄′p̄

]
.

By induction assumption (α|P̄ ′ , hP̄ ′P̄ ) : MP̄ → MP̄ ′ is an isomorphism in

FMod. Set α′ := α−1 and let h′ : M ′ →M be the homomorphism given by
the (Q′, Q)-matrix [

h−1
P̄ ′P̄

−h−1
P̄ ′P̄

hP̄ ′p̄h
−1
p̄′p̄

0 h−1
p̄′p̄

]
.

One easily verifies that h′ is α′-filtered and a straightforward computation
shows that (α′, h′) ◦ (α, h) = id(P,M) and (α, h) ◦ (α′, h′) = id(P ′,M ′). Hence,
the morphism (α, h) is indeed an isomorphism in FMod. �

Corollary 4.14. Assume (α, h) : (P,M) → (P ′,M ′) is both a homomor-
phism in GMod and an isomorphism in FMod. Then it is automatically
an isomorphism in GMod.

Proof: Due to Lemma 4.13 the map α : P ′ → P is an order isomorphism
and hp′α(p′) : Mα(p′) → M ′p′ is a module isomorphism. Let g : M ′ → M be

the α−1-graded homomorphism with (P ′, P )-matrix given by

gpp′ :=

{
h−1
p′α(p′) if p = α(p′),

0 otherwise.

It is straightforward to verify that (α−1, g) is the inverse of (α, h) in GMod.
Hence, (α, h) is an isomorphism in GMod. �

5. Poset filtered chain complexes

5.1. Chain complexes. Recall that a chain complex is a pair (C, d) con-
sisting of a Z-graded R-module C and a Z-graded homomorphism d : C → C
of degree −1, satisfying d2 = 0. The homomorphism d is called the boundary
homomorphism of the chain complex (C, d). Let (C ′, d′) be another chain
complex. A chain map ϕ : (C, d) → (C ′, d′) is a module homomorphism
ϕ : C → C ′ of degree zero, satisfying ϕd = d′ϕ. The following proposition
is straightforward.

Proposition 5.1. If ϕ : (C, d) → (C ′, d′) is a chain map and ϕ is an
isomorphism of Z-graded modules then ϕ−1 is also a chain map. �

We denote by Cc the category whose object are chain complexes and
whose morphisms are chain maps. One easily verifies that this is indeed a
category.

A subset C ′ ⊂ C is a chain subcomplex of C if C ′ is a Z-graded submodule
of C such that d(C ′) ⊂ C ′. Recall that given a subcomplex C ′ ⊂ C we have
a well-defined quotient complex (C/C ′, d′) where d′ : C/C ′ → C/C is the
boundary homomorphism induced by d.
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5.2. Homotopy category of chain complexes. A pair of chain maps
ϕ,ϕ′ : (C, d) → (C ′, d′) are called chain homotopic if there exists a chain
homotopy joining ϕ and ϕ′, i.e., a module homomorphism S : C → C ′ of
degree +1 such that ϕ′−ϕ = d′S+Sd. The existence of a chain homotopy be-
tween two chain maps is easily seen to be an equivalence relation in the set of
chain maps Cc((C, d), (C ′, d′)). Given a chain map ϕ ∈ Cc((C, d), (C ′, d′))
we denote by [ϕ] the equivalence class of ϕ with respect to this equivalence
relation. We define the homotopy category ChCc of chain complexes by
taking chain complexes as objects, equivalence classes of morphisms in Cc
as morphisms in ChCc, and the formula

(17) [ψ] ◦ [ϕ] := [ψϕ]

for ψ ∈ Cc((C ′, d′), (C ′′, d′′)) as the definition of composition of morphisms
in ChCc. Note that then the equivalence classes of identities in Cc are the
identities in ChCc.

Proposition 5.2. The category ChCc is well-defined.

Proof: The only non-obvious part of the argument is the verification that
the composition given by (17) is well-defined. Thus, we need to prove that if
ϕ,ϕ′ : (C, d)→ (C ′, d′) and ψ,ψ′ : (C ′, d′)→ (C ′′, d′′) are chain homotopic,
then ψϕ and ψ′ϕ′ are chain homotopic. Let S : C → C ′ and S′ : C ′ → C ′′ be
chain homotopies between ϕ, ϕ′ and ψ, ψ′, respectively. Moreover, consider
the map S′′ := ψ′S + S′ϕ. Then S′′ is clearly a degree +1 homomorphism
and we have

ψ′ϕ′ − ψϕ = ψ′(ϕ′ − ϕ) + (ψ′ − ψ)ϕ = ψ′(d′S + Sd) + (d′′S′ + S′d′)ϕ

= ψ′d′S + ψ′Sd+ d′′S′ϕ+ S′d′ϕ

= d′′ψ′S + ψ′Sd+ d′′S′ϕ+ S′ϕd = d′′S′′ + S′′d,

which proves that ψϕ and ψ′ϕ′ are indeed chain homotopic. �

We have a covariant functor Ch : Cc → ChCc which fixes objects and
sends a chain map to its chain homotopy equivalence class. Moreover, we
say that two chain complexes (C, d) and (C ′, d′) are chain homotopic if they
are isomorphic in ChCc.

Note that 0Z, the Z-graded zero module, together with zero homomor-
phism as the boundary map, is a chain complex. We call it the zero chain
complex. We say that a chain complex (C, d) is homotopically essential if it is
not chain homotopic to the zero chain complex. Otherwise we say that the
chain complex (C, d) is homotopically trivial or homotopically inessential.
Finally, we call a chain complex (C, d) boundaryless if d = 0.

Proposition 5.3. Assume (C, d) and (C ′, d′) are two boundaryless chain
complexes. Then the chain complexes (C, d) and (C ′, d′) are chain homotopic
if and only if C and C ′ are isomorphic as Z-graded modules.

Proof: Suppose that the chain complexes (C, d) and (C ′, d′) are bound-
aryless. First assume that C and C ′ are isomorphic as Z-graded modules.
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Let ϕ : C → C ′ and ϕ′ : C ′ → C be mutually inverse isomorphisms of Z-
graded modules. Since both boundary homomorphisms d and d′ are zero, we
have ϕd = 0 = d′ϕ and ϕ′d′ = 0 = dϕ′. Hence, ϕ and ϕ′ are chain maps and
from ϕ′ϕ = idC and ϕϕ′ = idC′ we get [ϕ′][ϕ] = [idC ] and [ϕ][ϕ′] = [idC′ ].
This shows that [ϕ] and [ϕ′] are mutually inverse isomorphisms in ChCc.

To prove the opposite implication assume that (C, d) and (C ′, d′) are chain
homotopic. Choose ϕ : (C, d) → (C ′, d′) and ϕ′ : (C ′, d′) → (C, d) such
that [ϕ] : (C, d) → (C ′, d′) and [ϕ] : (C ′, d′) → (C, d) are mutually inverse
isomorphisms in ChCc. Let S : C → C and S′ : C ′ → C ′ be the chain
homotopies between ϕ′ϕ and idC , and between ϕϕ′ and idC′ , respectively.
Then idC −ϕ′ϕ = Sd + dS = 0 and idC′ −ϕϕ′ = S′d′ + d′S′ = 0, which
proves that ϕ and ϕ′ are mutually inverse isomorphisms in Cc. �

Corollary 5.4. The only chain complex which is both boundaryless and
homotopically trivial is the zero chain complex. �

Recall that the homology module of a chain complex (C, d) is the Z-graded
module H(C) := (Hn(C, d))n∈Z where Hn(C, d) := ker dn/ im dn+1. In the
sequel, we will consider the homology module as a boundaryless chain com-
plex, that is, as a chain complex with zero boundary homomorphism.

By a homology decomposition of a chain complex (C, d) we mean a di-
rect sum decomposition C = V ⊕H ⊕ B such that V , H, B are Z-graded
submodules of C, d|H = 0, d(V ) ⊂ B and d|V : V → B is a module iso-
morphism. Note that then also d|B = 0. By a homology complex of a
chain complex (C, d) we mean a boundaryless chain complex which is chain
homotopic to (C, d). Then one has the following proposition.

Proposition 5.5. Assume that R is a field and that the pair (C, d) is a
chain complex over R.

(i) There exists a homology decomposition of (C, d).
(ii) If C = V ⊕ H ⊕ B is a homology decomposition of the chain com-

plex (C, d), then (H, 0) is chain homotopic to (C, d). Therefore, it is
a homology complex of (C, d). Moreover, the modules H and H(C)
are isomorphic as Z-graded modules, where H(C) denotes the ho-
mology module of C.

Proof: To prove statement (i), let Z := ker d and B := im d. Since R
is a field, we may choose Z-graded submodules V ⊂ C and H ⊂ Z such
that both C = V ⊕ Z and Z = H ⊕ B are satisfied, thus also dH⊕B = 0.
Clearly, one has d(V ) ⊂ im d = B. We will prove that d|V : V → B is
an isomorphism. Indeed, if dx = 0 for an x ∈ V , then x ∈ Z ∩ V = {0},
hence d|V is a monomorphism. To see that it is also onto, take a y ∈ B.
Since B = im d, we have y = dx for an x ∈ C. But, x = v + z for a v ∈ V
and a z ∈ Z. It follows that dv = dv + dz = dx = y, which establishes d|V
as an epimorphism, and proves (i).

To prove (ii), assume that C = V ⊕H ⊕B is a homology decomposition
of (C, d). Let ι : H → C denote inclusion, and let π : C → H be the
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projection map defined via π(v+h+ b) = h for v+h+ b ∈ V ⊕H ⊕B = C.
One can easily see that ι : (H, 0)→ (C, d) and π : (C, d)→ (H, 0) are chain
maps, and that πι = idH . We will show that ιπ is chain homotopic to idC .
For this, define the degree +1 homomorphism S : C → C by Sx = d−1

|V b,

where x = v + h+ b ∈ C = V ⊕H ⊕B. Then we have

(dS + Sd)x = (dS + Sd)(v + h+ b) = dd−1
|V b+ d−1

|V dv = b+ v

= (b+ v + h)− h = x− ιπx = (idC −ιπ)x,

which proves that S is a chain homotopy joining ιπ and idC . Finally, directly
from the homology decomposition definition one obtains ker d = H ⊕B and
im d = B. Therefore, H(C) = ker d/ im d ∼= H ⊕ B/B ∼= H, where all the
isomorphisms are Z-graded. �

In the case of field coefficients the concepts of homology module and
homology complex are essentially the same as the following theorem shows.

Theorem 5.6. Assume that R is a field. Then the following hold.

(i) Every chain complex admits a homology complex.
(ii) Two chain complexes are chain homotopic if and only if the associ-

ated homology complexes are isomorphic as Z-graded modules.
(iii) The homology module of a chain complex is its homology complex.
(iv) Two chain complexes are chain homotopic if and only if the associ-

ated homology modules are isomorphic as Z-graded modules.

Proof: Property (i) follows immediately from Proposition 5.5. In order
to prove (ii), observe that two chain complexes are chain homotopic if and
only if the associated homology complexes are chain homotopic. Therefore,
property (ii) follows immediately from Proposition 5.3. To prove (iii), take
a chain complex (C, d). By (i) we may consider a homology complex (H, 0)
of (C, d). Since (C, d) and (H, 0) are chain homotopic, by a standard theorem
of homology theory [9, §13] the homology modules of (C, d) and (H, 0) are
isomorphic as Z-graded modules. Hence, it follows from Proposition 5.5(ii)
that the homology module of (C, d) is its homology complex. Finally, prop-
erty (iv) follows immediately from (ii) and (iii). �

5.3. Poset filtered chain complexes. Let P be an arbitrary finite set
and (C, d) a chain complex. We call (C, d) a P -graded chain complex, if C
is a P -graded module in which each Cp ⊂ C is a Z-graded submodule of C.
Since the chain complex C is P -graded, its boundary homomorphism d has
a (P, P )-matrix. A partial order ≤ in P is called (C, d)-admissible, or briefly
d-admissible, if d is a filtered homomorphism with respect to (P,≤), i.e., if

(18) dpq 6= 0 ⇒ p ≤ q

for all p, q ∈ P . Note that a (C, d)-admissible partial order on P may not
always exist. However, we have the following straightforward proposition
and definition.
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Proposition and Definition 5.7. If a given P -graded chain complex (C, d)
admits a (C, d)-admissible partial order on P , then the intersection of all
such (C, d)-admissible partial orders on P is again a (C, d)-admissible partial
order on P . We call it the native partial order of d. �

Definition 5.8. We say that the triple (P,C, d) is a poset filtered chain
complex if (C, d) is a P -graded chain complex and the partial order in P is
d-admissible.

Note that for a poset filtered chain complex (P,C, d) the module C is not
only P -graded but also Z-graded where the nth summand of the Z-gradation
is the direct sum over p ∈ P of the nth summands in the Z-gradation of Cp.

Example 5.9. Consider the set of words

X := {A,B,C,AB,AC,BC,CD,CE,ABC }

and the free module C := Q〈X〉 with basis X and coefficients in the field Q
of rational numbers. For a word x ∈ X define its dimension as one less than
the number of characters in x and denote the set of words of dimension i
by Xi. Setting

Ci :=

{
Q〈Xi〉 if Xi 6= ∅,

0 otherwise.

we obtain a Z-gradation of C given by

(19) C =
⊕
i∈Z

Ci.

The family

A := { {A}, {B}, {AB}, {C,AC,BC,ABC}, {CD}, {CE} }

is a partition of X. It makes C an A-graded module. Consider the partial
order in A given by the Hasse diagram

(20)

{CD} {CE}

{C,AC,BC,ABC}

{AB}

{A} {B}

HHHH

��
��

HH
HHH

��
���

.

and a homomorphism d : C → C defined on the basis X by the matrix
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A B AB C AC BC ABC CD CE

A −1 −1
B 1 −1

AB 1
C 1 1 −1 −1

AC −1
BC 1

ABC
CD
CE

One can check that the triple (A, C, d) with the Z-gradation (19) and A
partially ordered as in the Hasse diagram (20) is a well-defined poset filtered
chain complex.

Note that if J ⊂ P , then (CJ , dJJ) need not be a chain complex in general.
However, we have the following proposition.

Proposition 5.10. Assume that J is a convex subset of P . Then we have:

(i) (CJ , dJJ) is a chain complex.
(ii) (CJ , dJJ) is chain isomorphic to the quotient complex (CJ≤/CJ< , d

′)
where d′ denotes the homomorphism induced by dJ≤J≤. Notice that
the quotient complex is well-defined since J< is a down set due to
the convexity of J .

Proof: In order to prove (i) we need to verify that d2
JJ = 0. Assume

first that J is a down set. Let x ∈ CJ . Then Corollary 4.6 immediately
implies that dx ∈ CJ . Hence, one obtains both dJJx = (ιJ ◦ d ◦ πJ)(x) = dx
and d2

JJx = dJJdx = d2x = 0, which yields d2
JJ = 0. If J is just convex,

we consider the down sets I := J< and K := J≤, which clearly satisfy the
identity K = I ∪ J . Since d is a filtered homomorphism, we have dpq = 0
for p ∈ J and q ∈ I.

Therefore, the matrix of dKK takes the form.[
dII dIJ
0 dJJ

]
.

Since K is a down set, we already have verified that d2
KK = 0. It follows

that

0 = d2
KK =

[
d2
II dIIdIJ + dIJdJJ
0 d2

JJ .

]
Thus, d2

JJ = 0, which proves (i).
To establish (ii), we consider again the down sets I := J< and K := J≤, as

well as the homomorphism κ : CJ 3 x 7→ [x]I ∈ CK/CI , where [x]I denotes
the equivalence class of x in the quotient module CK/CI . Let x ∈ CJ
and let d̄KK denote the boundary homomorphism induced by dKK on the
quotient module CK/CI . We have d̄KKκx = [dx]I = [dIJx + dJJx]I =
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[dJJx]I = κdJJx, which proves that κ is a chain map. Assume that [x]I = 0
for an x ∈ CJ . Then x ∈ CI ∩ CJ = {0}, that is, x = 0. This proves
that κ is a monomorphism. Finally, given the class [y]I ∈ CK/CI generated
by y ∈ CK , we have y = yI + yJ for a yI ∈ CI and a yJ ∈ CJ . It follows
that [y]I = [yJ ]I = κyJ , proving that κ is an epimorphism. Hence, κ is an
isomorphism. �

Given a poset filtered chain complex (P,C, d) we consider the poset P as
an object of DPSet with the distinguished subset given by

P? := { p ∈ P | Cp is homotopically essential. }
Recall that Cp is homotopically essential if it is not chain homotopic to the
zero chain complex. We would like to point out that the definition of P?
depends on C. In the rare cases when we simultaneously consider two poset
filtered chain complexes with the same underlying poset P , we write PC?
instead of P? to indicate the dependence of P? on C.

Given two poset filtered chain complexes (P,C, d) and (P ′, C ′, d′) we say
that the map (α, h) : (P,C, d) → (P ′, C ′, d′) is a filtered chain morphism,
if h : (C, d) → (C ′, d′) is a chain map and (α, h) : (P,C) → (P ′, C ′) is a
filtered morphism. We say that the map (α, h) is a graded chain morphism
if h : (C, d) → (C ′, d′) is a chain map and (α, h) : (P,C) → (P ′, C ′) is a
graded morphism.

We define the category PfCc of filtered chain complexes by taking poset
filtered chain complexes as objects and filtered chain morphisms as mor-
phisms. One easily verifies that this is indeed a category. We also define the
subcategory PgCc of graded chain complexes by taking the same objects
as in PfCc and graded chain morphisms as morphisms.

Definition 5.11. Given a pair of filtered chain morphisms (α,ϕ), (α′, ϕ′) :
(P,C, d) → (P ′, C ′, d′) we say that a filtered module morphism (γ,Γ) :
(P,C) → (P ′, C ′) is an elementary filtered chain homotopy between (α,ϕ)
and (α′, ϕ′) if the following conditions are satisfied:

(i) Γ is a degree +1 module homomorphism with respect to the Z-
gradation of C and C ′,

(ii) Γ is a chain homotopy between ϕ and ϕ′, that is, ϕ′−ϕ = Γd+ d′Γ,
(iii) α|P ′? = γ|P ′? = α′|P ′?

.

We say that two filtered chain morphisms (α, h) and (α′, h′) are elementarily
filtered chain homotopic, and we write (α, h) ∼e (α′, h′), if there exists an
elementary filtered chain homotopy between (α, h) and (α′, h′). We say that
filtered chain morphisms (α, h), (α′, h′) are filtered chain homotopic, and we
write (α, h) ∼ (α′, h′), if there exists a sequence

(21) (α, h) = (α0, h0) ∼e (α1, h1) ∼e . . . ∼e (αn, hn) = (α′, h′)

of filtered chain morphisms such that successive pairs are elementarily fil-
tered chain homotopic.

The following proposition is straightforward.
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Proposition 5.12. The relation ∼ in the set of morphisms from (P,C, d)
to (P ′, C ′, d′) in PfCc is an equivalence relation. �

We say that a poset filtered chain complex (P,C, d) is homotopically es-
sential if (Cp, dpp) is homotopically essential for each p ∈ P , i.e., if P? = P .

Proposition 5.13. Assume that the poset filtered chain complex (P ′, C ′, d′)
is homotopically essential. If (α, h) and (α′, h′) : (P,C, d)→ (P ′, C ′, d′) are
filtered chain homotopic, then α = α′, the domain of α = α′ is P ′, and we
have in fact that (α, h) ∼e (α′, h′).

Proof: Choose n+ 1 filtered morphisms (αi, hi) : (P,C, d)→ (P ′, C ′, d′)
as in (21) for i = 0, . . . , n. Let (γi,Γi) : (P,C)→ (P ′, C ′) for i ∈ {1, 2, . . . , n}
be an elementary filtered chain homotopy between (αi−1, hi−1) and (αi, hi).
Since P ′? = P ′, we have αi−1 = (αi−1)|P ′? = (γi)|P ′? = γi, as well as the
identity αi = (αi)|P ′? = (γi)|P ′? = γi for i ∈ {1, 2, . . . , n}. It follows then that
one has αi = αi−1 for all i, and thus α = α′. Moreover, we obtain

(22) hi − hi−1 = d′Γi + Γid

for i ∈ {1, 2, . . . , n}. Let Γ :=
∑n

i=1 Γi. One easily verifies that Γ is an
α-filtered module homomorphism. Summing (22) for i = 1, . . . , n we get

h′ − h = hn − h0 = d′Γ + Γd.

Thus, (α,Γ) is an elementary filtered chain homotopy between the filtered
morphisms (α, h) and (α′, h′). �

We refer to the equivalence classes of ∼ as the homotopy equivalence
classes. We define the homotopy category of poset filtered chain complexes,
denoted ChPfCc, by taking poset filtered chain complexes as objects, ho-
motopy equivalence classes of filtered chain morphisms in PfCc as mor-
phisms in ChPfCc, and use the formula

(23) [(β, g)]∼ ◦ [(α, h)]∼ := [(α ◦ β, g ◦ h)]∼

for the two filtered morphisms (α, h) ∈ PfCc((P,C, d), (P ′, C ′, d′)) and
(β, g) ∈ PfCc((P ′, C ′, d′), (P ′′, C ′′, d′′)) as the definition of composition of
morphisms in ChPfCc. Finally, equivalence classes of identities in PfCc
are identities in ChPfCc.

Proposition 5.14. Assume filtered chain morphisms

(α, h), (α′, h′) : (P,C, d)→ (P ′, C ′, d′)

and

(β, g), (β′, g′) : (P ′, C ′, d′)→ (P ′′, C ′′, d′′)

are filtered chain homotopic. Then the compositions

(β, g) ◦ (α, h), (β′, g′) ◦ (α′, h′) : (P,C, d)→ (P ′′, C ′′, d′′)

are also filtered chain homotopic. In particular, the category ChPfCc is
well-defined.
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Proof: Assume that (α, h) ∼ (α′, h′) and (β, g) ∼ (β′, g′). Since ∼ is an
equivalence relation, it suffices to prove that (β, g) ◦ (α, h) ∼ (β, g) ◦ (α′, h′)
and (β, g) ◦ (α′, h′) ∼ (β′, g′) ◦ (α′, h′). For the same reason, we may assume
that (α, h) ∼e (α′, h′) and (β, g) ∼e (β′, g′). Let (γ, S) : (P,C)→ (P ′, C ′) be
an elementary filtered chain homotopy between (α, h) and (α′, h′). Consider
the filtered morphism (η, T ) := (β, g) ◦ (γ, S) : (P,C) → (P ′′, C ′′). Then
η = γβ and T = gS. We will prove that (η, T ) is an elementary filtered
chain homotopy between (β, g)◦ (α, h) and (β, g)◦ (α′, h′). For this, we need
to verify properties (i)-(iii) of Definition 5.11. Clearly, T is a degree +1
Z-graded module homomorphism. Hence, property (i) is satisfied. To see
property (ii), observe that

gh′ − gh = g(h′ − h) = g(d′S + Sd) = d′′gS + gSd = d′′T + Td.

Finally, in view of the inclusion β(P ′′? ) ⊂ P ′?, which is a consequence of the
definition of DPSet, one obtains

αβ|P ′′? = α|P ′?β|P ′′? = γ|P ′?β|P ′′? = η|P ′′? = γ|P ′?β|P ′′? = α′|P ′?β|P ′′? = α′β|P ′′? .

Hence, we proved that (β, g) ◦ (α, h) ∼e (β, g) ◦ (α′, h′) which implies that
also (β, g)◦(α, h) ∼ (β, g)◦(α′, h′). The proof that (β, g)◦(α′, h′) ∼ (β′, g′)◦
(α′, h′) is similar. �

We say that a filtered chain morphism (α, h) : (P,C, d) → (P ′, C ′, d′) is
a filtered chain equivalence if [(α, h)] is an isomorphism in ChPfCc. We
say that two poset filtered chain complexes (P,C, d) and (P ′, C ′, d′) are
filtered chain homotopic if they are isomorphic in ChPfCc, i.e., if there exist
two filtered chain morphisms (α,ϕ) : (P,C, d) → (P ′, C ′, d′) and (α′, ϕ′) :
(P ′, C ′, d′)→ (P,C, d) such that (α′, ϕ′) ◦ (α,ϕ) is filtered chain homotopic
to id(P,C) and (α,ϕ) ◦ (α′, ϕ′) is filtered chain homotopic to id(P ′,C′). In this
situation, the filtered chain morphisms (α,ϕ) and (α′, ϕ′) are referred to as
mutually inverse filtered chain equivalences.

Definition 5.15. Let (P,C, d) be a poset filtered chain complex. By a
representation of (P,C, d) we mean an object (P ′, C ′, d′) in PfCc which is
filtered chain homotopic to (P,C, d), together with mutually inverse filtered
chain equivalences (α,ϕ) : (P,C, d)→ (P ′, C ′, d′) and (β, ψ) : (P ′, C ′, d′)→
(P,C, d). More formally speaking, a representation of (P,C, d) is a triple
((P ′, C ′, d′), (α,ϕ), (β, ψ)). To simplify the terminology, when speaking
about a representation we always assume that the associated mutually in-
verse chain equivalences are implicitly given.

Let ((P ′, C ′, d′), (α,ϕ), (β, ψ)) and ((P ′′, C ′′, d′′), (α′, ϕ′), (β′, ψ′)) be two
representations of a filtered chain complex (P,C, d).

Definition 5.16. We define the transfer morphism from the filtered chain
complex (P ′, C ′, d′) to the filtered chain complex (P ′′, C ′′, d′′) as the filtered
chain morphism (βα′, ϕ′ψ).
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Note that the pair of transfer morphisms (βα′, ϕ′ψ) from (P ′, C ′, d′)
to (P ′′, C ′′, d′′) and (β′α,ϕψ′) from (P ′′, C ′′, d′′) to (P ′, C ′, d′) are mutually
inverse chain equivalences.

We finish this section with the following auxiliary proposition.

Proposition 5.17. Assume that (P,C, d) is a poset filtered chain complex
with the P -gradation (Cp)p∈P , and let (Wp)p∈P denote another P -gradation
of C. If (Cp)p∈P and (Wp)p∈P are filtered equivalent in the sense of Defi-
nition 4.7, then the triple (P,W, d) with W :=

⊕
p∈P Wp and P -gradation

given by (Wp)p∈P is also a poset filtered chain complex. Moreover, (P,W, d)
and (P,C, d) are isomorphic in ChPfCc.

Proof: Note that W and C are in fact the same modules, but the gra-
dations (Wp)p∈P and (Cp)p∈P need not be the same. We know that d is a
filtered homomorphism with respect to the (Cp)p∈P gradation of C. Since
the (Wp)p∈P gradation of W = C is filtered equivalent to the (Cp)p∈P gra-
dation, we see from Proposition 4.8 that d is a filtered homomorphism with
respect to the (Wp)p∈P gradation of C as well. Hence, (P,W, d) is a poset
filtered chain complex. We will prove that

(24) (idP , idC) : (P,C, d)→ (P,W, d)

and

(25) (idP , idW ) : (P,W, d)→ (P,C, d)

are mutually inverse isomorphisms in PfCc. Let p ∈ P . Since both (Cp)p∈P
and (Wp)p∈P are filtered equivalent, using Proposition 5.10(ii) we get

Cp ∼= Cp≤/Cp< = Wp≤/Wp<
∼= Wp.

Hence, Cp is essential if and only if Wp is essential. It follows that PC? = PW? .
In consequence, idP : (P, PC? ) → (P, PW? ) and idP : (P, PW? ) → (P, PC? ) are
well-defined morphisms in DPSet. Since (Cp)p∈P and (Wp)p∈P are filtered
equivalent, we get from Corollary 4.6 that (idP , idC) : (P,C) → (P,W )
and (idP , idW ) : (P,W ) → (P,C) are filtered morphisms. Clearly, both are
chain maps. It follows that the morphisms (24) and (25) are well-defined.
Obviously, they are mutually inverse. Thus, the conclusion follows. �

6. Algebraic connection matrices

6.1. Reduced filtered chain complexes. Given a poset filtered chain
complex (P,C, d), a singleton {p} ⊂ P is always convex. Therefore, by
Proposition 5.10(ii) the pair (Cp, dpp) is a chain complex.

Definition 6.1. We say that a poset filtered chain complex (P,C, d) is
reduced if (Cp, dpp) is boundaryless and homotopically essential for all p ∈ P .

Example 6.2. The filtered chain complex in Example 5.9 is not reduced,
because one can check that C{C,AC,BC,ABC} is inessential. Consider another
set of words

X ′ := {A,B,AB,AD,AE }.
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Proceeding as in Example 5.9 we obtain a Z-graded Q-module C ′. Consider
the partial order in A′ := { {x} | x ∈ X ′ } given by the Hasse diagram

(26)

{AB} {AD} {AE}

{B} {A}

@
@

�
�

and a homomorphism d′ : C ′ → C ′ defined on the basis X ′ by the matrix

(27)

d′ A B AB AD AE

A −1 −1 −1
B 1

AB
CD
CE

One can check that the triple (A′, C ′, d′), with A′ partially ordered as in
the Hasse diagram (20), is a well-defined poset filtered chain complex. It is
reduced, because in each case exactly one chain group is nontrivial and the
boundary operator is always zero within each Cp.

As an immediate consequence of Corollary 5.4 we get the following propo-
sition.

Proposition 6.3. A poset filtered chain complex (P,C, d) is reduced if and
only if dpp = 0 and Cp 6= 0 for all p ∈ P .

Proposition 6.4. Assume that (P,C, d) and (P ′, C ′, d′) are two reduced
poset filtered chain complexes and that (α, h), (β, g) : (P,C, d)→ (P ′, C ′, d′)
are filtered chain homotopic morphisms. If α is injective, then for p ∈ P
and q ∈ P ′ we have

α(q) = p ⇒ hqp = gqp.

Proof: Since (P ′, C ′, d′) is reduced, it is homotopically essential. Thus,
we get from Proposition 5.13 that α = β : P ′ → P and there exists an
α-filtered degree +1 homomorphism Γ : C → C ′ such that g−h = d′Γ + Γd.
Since (P,C, d) and (P ′, C ′, d′) are reduced, we get from Proposition 4.11 the
identities

gqp − hqp = (d′Γ)qp + (Γd)qp = d′q id(q)Γid(q)p + Γqα(q)dα(q)p

= 0Γqp + Γqp0 = 0.

For this, recall also that d and d′ are idP -filtered, and that idP is injective.
This completes the proof. �

If filtered chain complexes (P,C, d) and (P ′, C ′, d′) are filtered chain
homotopic, then the equivalence class of every filtered chain equivalence
(α,ϕ) : (P,C, d)→ (P ′, C ′, d′) is automatically an isomorphism in ChPfCc.
However, in the category PfCc one has to prove that fact. This is addressed
in the following result.
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Theorem 6.5. Assume that the two poset filtered chain complexes (P,C, d)
and (P ′, C ′, d′) are reduced. If they are filtered chain homotopic, then every
filtered chain equivalence (α,ϕ) : (P,C, d) → (P ′, C ′, d′) is an isomorphism
in PfCc. In particular, (P,C, d) and (P ′, C ′, d′) are isomorphic in PfCc.

Proof: Assume that both (P,C, d) and (P ′, C ′, d′) are reduced. Then
we have P? = P and P ′? = P ′. Let (α′, ϕ′) : (P ′, C ′, d′) → (P,C, d) be a
filtered chain morphism such that one has both (α′, ϕ′) ◦ (α,ϕ) ∼ id(P,C,d)

and (α,ϕ) ◦ (α′, ϕ′) ∼ id(P ′,C′,d′). Clearly, idP and idP ′ are injective. Hence,
it follows from Proposition 6.4 that

(ϕ′ϕ)pp = (idC)pp = idCp and (ϕϕ′)qq = (idC′)qq = idC′q

for arbitrary p ∈ P and q ∈ P ′. Therefore, it follows from Corollary 4.12
that (idC)pp = ϕ′pα′(p)ϕα′(p)p for p ∈ P . Similarly we obtain the iden-

tity (idC′)p′p′ = ϕp′α(p′)ϕ
′
α(p′)p′ for p′ ∈ P ′. Since α, α′ are mutually in-

verse bijections, we may substitute α′(p) for p′ and we get (idC′)α′(p)α′(p) =
ϕα′(p)pϕ

′
pα′(p) Hence, we conclude that ϕα′(p)p and ϕ′pα′(p) are mutually in-

verse module homomorphisms. Thus, it follows from Lemma 4.13 that (α,ϕ)
is an isomorphism in FMod. Since ϕ is a chain map, by Proposition 5.1
its inverse is also a chain map. Hence, (α,ϕ) is an isomorphism in PfCc,
which proves that (P,C, d) and (P ′, C ′, d′) are isomorphic in PfCc. �

6.2. Essentially graded morphisms.

Definition 6.6. Let (P,C, d) and (P ′, C ′, d′) be poset filtered chain com-
plexes. We call a filtered chain morphism (α, h) : (P,C, d) → (P ′, C ′, d′)
essentially graded, if there is a graded chain morphism (β, g) : (P,C, d) →
(P ′, C ′, d′) which is filtered chain homotopic to (α, h).

Proposition and Definition 6.7. Assume (α, h) : (P,C, d)→ (P ′, C ′, d′)
is an essentially graded chain equivalence and that both poset filtered chain
complexes (P,C, d) and (P ′, C ′, d′) are reduced. Then there exists a unique
graded chain morphism (β, g) : (P,C, d) → (P ′, C ′, d′) in the homotopy
equivalence class [(α, h)]. We call it the graded representation of (α, h).

Proof: The existence of (β, g) follows directly from the definition of an
essentially graded morphism. To prove uniqueness, we assume that (β, g)
and (β′, g′) are two graded chain morphisms in the homotopy equivalence
class [(α, h)]. Since (α, h) is a chain equivalence, we can select a filtered chain
morphism (α′, h′) : (P ′, C ′, d′) → (P,C, d) such that (αα′, h′h) ∼ id(P,C,d)

and (α′α, hh′) ∼ id(P ′,C′,d′). Hence, it follows from Proposition 5.13 that
αα′ = idP and α′α = idP ′ . In particular, α is injective. Since (β, g) ∼ (α, h)
and (β′, g′) ∼ (α, h), we see that (β, g) ∼ (β′, g′) and from Proposition 5.13
we get β = α = β′. Hence, β is injective. Consider p ∈ P and q ∈ P ′. If we
have p = α(q), then one obtains gqp = g′qp from Proposition 6.4. If p 6= α(q),
we get gqp = 0 = g′qp from (8), because both g and g′ are α-graded. �
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The following proposition is an immediate consequence of Proposition 5.14
and the fact that the composition of graded chain morphisms is again a
graded chain morphism. The later statement in turn follows from the fact
that the composition of graded morphisms is a graded morphism, and that
the composition of chain maps is again a chain map. Thus, we have the
following result.

Proposition 6.8. Assume that both (α, h) : (P,C, d) → (P ′, C ′, d′) and
(α′, h′) : (P ′, C ′, d′) → (P ′′, C ′′, d′′) are filtered chain morphisms which
are essentially graded, and which have the respective graded representations
(β, g) : (P,C, d)→ (P ′, C ′, d′) and (β′, g′) : (P ′, C ′, d′)→ (P ′′, C ′′, d′′). Then
the composition (α′, h′) ◦ (α, h) is also essentially graded and its graded rep-
resentation is given by (β′, g′) ◦ (β, g). �

It is straightforward to observe that every identity morphism in PfCc is
essentially graded, and that it is its own graded representation. Thus, in
view of Proposition 6.8 we have a well-defined wide subcategory EgPfCc
of PfCc whose morphisms are essentially graded morphisms in PfCc.

Proposition 6.9. Assume that both (P,C, d) and (P ′, C ′, d′) are reduced
poset filtered chain complexes, and that both (α, h) : (P,C, d) → (P ′, C ′, d′)
and (α′, h′) : (P ′, C ′, d′)→ (P,C, d) are mutually inverse chain equivalences.
Suppose further that (α, h) is essentially graded and has the graded repre-
sentation (ᾱ, h̄). Then (α′, h′) is essentially graded as well, (ᾱ, h̄) is an
isomorphism in PgCc, and (ᾱ, h̄)−1 is the graded representation of (α′, h′).

Proof: By Definition 6.6 we have (α, h) ∼ (ᾱ, h̄). Hence, we get from
Proposition 5.14 the equivalences

(ᾱ, h̄) ◦ (α′, h′) ∼ (α, h) ◦ (α′, h′) ∼ id(P ′,C′,d′),(28)

(α′, h′) ◦ (ᾱ, h̄) ∼ (α′, h′) ◦ (α, h) ∼ id(P,C,d),(29)

which imply that (ᾱ, h̄) is a filtered chain equivalence. Now Theorem 6.5
shows that (ᾱ, h̄) is an isomorphism in PfCc, and it follows that (ᾱ, h̄) is
an isomorphism in FMod. Thus, we get from Proposition 5.13 that ᾱ = α
and from Lemma 4.13 that α is an order isomorphism. In consequence, the
inverse of (ᾱ, h̄) = (α, h̄) in PfCc takes the form (α−1, h̄−1) and, clearly,
the inverse h̄−1 is α−1-graded. Moreover, from (28) we get

(α′, h′) = (α−1, h̄−1) ◦ (α, h̄) ◦ (α′, h′) ∼ (α−1, h̄−1)

which proves that (α′, h′) is essentially graded with (α, h̄)−1 = (ᾱ, h̄)−1 as
its graded representation. �

6.3. Conley complex and connection matrices. Throughout this sec-
tion, let (P,C, d) denote a poset filtered chain complex. The following defi-
nition is the central concept of this paper.

Definition 6.10. By a Conley complex of (P,C, d) we mean every reduced
representation of (P,C, d), that is, a poset filtered chain complex (P̄ , C̄, d̄)
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which is reduced and filtered chain homotopic to (P,C, d). The (P̄ , P̄ )-
matrix of the boundary homomorphism d̄ is then called a connection matrix
of the poset filtered chain complex (P,C, d).

As an immediate consequence of Theorem 6.5, we obtain the following
two corollaries.

Corollary 6.11. The Conley complex of a poset filtered chain complex is
unique up to an isomorphism in PfCc. In particular, the transfer homomor-
phism between two Conley complexes of a given poset filtered chain complex
is an isomorphism in PfCc. �

Corollary 6.12. If two poset filtered chain complexes are filtered chain ho-
motopic, that is, isomorphic in ChPfCc, then their Conley complexes are
isomorphic in PfCc. �

Example 6.13. One can verify that the reduced filtered chain complex in
Example 6.2 is a Conley complex of the filtered chain complex in Example 5.9
with the associated connection matrix (27). More precisely, consider the
map α′ : A′ → A given by

α′(x) :=


{CD} if x = {AD},
{CE} if x = {AE},
x otherwise

and homomorphisms h′ : C → C ′ and g′ : C ′ → C given by the matrices

h′ A B AB C AC BC ABC CD CE

A 1 1
B 1

AB 1 −1
AD 1
AE 1

and
g′ A B AB AD AE

A 1
B 1

AB 1
C

AC 1 1
BC

ABC
CD 1
CE 1

.

One can verify that

(α′, h′) : (A, C, d)→ (A′, C ′, d′) and ((α′)−1, g′) : (A′, C ′, d′)→ (A, C, d),
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with the partial map (α′)−1 : A 9 A′ defined as the inverse relation of α′,
are mutually inverse filtered chain equivalences. This immediately implies
that a Conley complex of the filtered chain complex (A, C, d) in Example 5.9
is given by the representation ((A′, C ′, d′), (α′, h′), ((α′)−1, g′)).

6.4. Equivalence of Conley complexes.

Definition 6.14. We say that two Conley complexes of a poset filtered
chain complex are equivalent if the associated transfer homomorphism is
essentially graded.

Note that the transfer homomorphism is always an isomorphism in PfCc.
For equivalence, one needs in addition that it is essentially graded, i.e., that
it is filtered chain homotopic to a graded chain isomorphism.

It follows from Proposition 6.8 that the equivalence of Conley complexes
of a given poset filtered chain complex is indeed an equivalence relation. Two
equivalent Conley complexes, as well as the associated connection matrices,
are basically the same. This justifies the following definition.

Definition 6.15. A poset filtered chain complex has a uniquely determined
Conley complex and connection matrix if any two of its Conley complexes
are equivalent.

Note that two non-equivalent Conley complexes of a filtered chain com-
plex may be graded-conjugate and the associated connection matrices may
be graded similar. Thus, graded similarity of connection matrices is not
sufficient for their uniqueness.

Example 6.16. The filtered chain complex in Example 5.9 does not have a
uniquely determined Conley complex. To see this consider the set of words

X ′′ := {A,B,AB,BD,BE }.

Proceeding as in Example 5.9 we obtain a Z-graded Q-module C ′′. Consider
the partial order in A′′ := { {x} | x ∈ X ′′ } given by the Hasse diagram

(30)

{AB} {AD} {AE}

{A} {B}

@
@

�
�

and a homomorphism d′′ : C ′′ → C ′′ defined on the basis X ′′ by the matrix

(31)

d′′ A B AB BD BE

A −1
B 1 −1 −1

AB
BD
BE
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One can check that the triple (A′′, C ′′, d′′) with A′′ partially ordered as in
the Hasse diagram (26) is a well-defined poset filtered chain complex and it
is reduced. Moreover, we define the map α′′ : A′′ → A by

α′′(x) :=


{CD} if x = {BD},
{CE} if x = {BE},
x otherwise

and homomorphisms h′′ : C → C ′′ and g′′ : C ′′ → C via the matrices

h′′ A B AB C AC BC ABC CD CE

A 1
B 1 1

AB 1 1
BD 1
BE 1

and

g′′ A B AB BD BE

A 1
B 1

AB 1
C

AC
BC 1 1

ABC
CD 1
CE 1

.

Then one can verify that ((A′′, C ′′, d′′), (α′′, h′′), ((α′′)−1, g′′)) is another re-
duced representation, that is, a Conley complex of the filtered chain com-
plex (A, C, d) presented in Example 5.9. We claim that this Conley com-
plex is not equivalent to the Conley complex (A′, C ′, d′) presented in Exam-
ple 6.13. To see this, assume to the contrary that the transfer homomor-
phism from (A′, C ′, d′) to (A′′, C ′′, d′′) is essentially graded. Observe that
this transfer homomorphism is (γ, h′′g′), where γ = (α′)−1α′′ : A′′ → A′ is
given by

γ(x) :=


{AD} if x = {BD},
{AE} if x = {BE},
x otherwise
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and h′′g′ has the matrix

h′′g′ A B AB AD AE

A 1
B 1

AB 1 1 1
BD 1
BE 1

.

Let (γ′, f) be a graded representation of (γ, h′′g′). Then (γ′, f) ∼ (γ, h′′g′)
and from Proposition 5.13 we get γ′ = γ, as well as

(32) h′′g′ − f = d′′Γ + Γd′

for some γ-filtered degree +1 homomorphism Γ : C ′ → C ′′. Evaluating both
sides of (32) at AD we get

(33) AB + BD− f(AD) = (d′′Γ)(AD)− Γ(A) = −Γ(A),

because C ′2 = 0. Since f is γ-graded and γ(AB) = AB, we see that the
identity 〈f(AD),AB〉 = 0 holds. Hence, from (33) one obtains

1 = 〈AB + BD− f(AD),AB〉 = −〈Γ(A),AB〉.

It follows that ΓAB,A 6= 0 and, since Γ is γ-filtered, we immediately obtain
the inequality AB = γ(AB) ≤ A. However, we see from the Hasse dia-
gram (20) of the poset A′ that A < AB. This contradiction proves that
the two Conley complexes (A′, C ′, d′) and (A′′, C ′′, d′′) of (A, C, d) are not
equivalent. The associated connection matrices are the matrices of d′ and d′′

which are shown in (27) and (31), respectively. Note that despite the fact
that these matrices are not equivalent as connection matrices of (A, C, d),
they are graded similar. To see this define χ : A′′ → A′ by

χ(x) :=



{AD} if x = {BD},
{AE} if x = {BE},
{AB} if x = {AB},
{B} if x = {A},
{A} if x = {B}.

and h : C ′ → C ′′ by the matrix

h A B AB AD AE

A 1
B 1

AB −1
BD 1
BE 1

.
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Then one easily verifies that χ is an order preserving bijection, that (χ, h)
is a graded chain isomorphism, and that we have

(idA′′ , d
′′) ◦ (χ, h) = (χ, h) ◦ (idA′ , d

′).

This readily establishes the graded similarity.

6.5. Existence of Conley complexes. Although in our setting the poset
in a poset filtered chain complex is not fixed as in [22] and [8], the existence
proof of a Conley complex for a poset filtered chain complex in our sense
can be adapted from the argument in [22, Theorem 8.1, Corollary 8.2].
For the sake of completeness, we present the details. We begin with a
straightforward proposition and a technical lemma, the latter of which is a
counterpart to [22, Theorem 8.1].

Proposition 6.17. Assume that A and B are submodules of a module X
such that X = A+B. If B′ is a submodule of B satisfying B = A∩B⊕B′,
then we have X = A⊕B′. �

Lemma 6.18. Assume that P 6= ∅ and that (P,C, d) is a poset filtered
chain complex with field coefficients. Then there exist families {Wp}p∈P ,
{Vp}p∈P , {Bp}p∈P , {Hp}p∈P of Z-graded submodules of C satisfying the
following properties:

(i) C =
⊕

p∈P Wp and (Wp)p∈P is a P -gradation of C which is filtered

equivalent to the gradation (Cp)p∈P ,
(ii) Wp = Vp ⊕Hp ⊕Bp for p ∈ P ,
(iii) d(Vp) ⊂ Bp and d|Vp : Vp → Bp is a module isomorphism,
(iv) dpp(Hp) = 0 for p ∈ P ,
(v) for H :=

⊕
p∈P Hp we have d(H) ⊂ H and (P,H, d|H) is a filtered

chain complex.

Proof: Assume that (P,C, d) is a poset filtered chain complex. We pro-
ceed by induction on n := cardP . First assume that n = 1. Let p∗ be the
unique element of P . Then C = Cp∗ . We set Wp∗ := C. It follows that
the P -gradations (Cp)p∈P and (Wp)p∈P are identical, and therefore they
are filtered equivalent, i.e., (i) is satisfied. The existence of Vp∗ , Bp∗ , Hp∗

satisfying properties (ii)-(v) follows from Proposition 5.5.
Now, assume that n > 1. Let r ∈ P be a maximal element in P and

consider the down set P ′ := P \ {r} ∈ Down(P ). Let C ′ :=
⊕

p∈P ′ Cp.

Since d is a filtered homomorphism, we have d(C ′) ⊂ C ′. Thus, (P ′, C ′, d|C′)
is a P ′-filtered chain complex. Since cardP ′ = n − 1, by our induction
hypothesis, there exist families {Wp}p∈P ′ , {Vp}p∈P ′ , {Bp}p∈P ′ , {Hp}p∈P ′ of
submodules such that properties (i)-(iv) hold for (P ′, C ′, d|C′). In order to
have respective families for (P,C, d) we will extend the families over P ′ to
families over P by constructing in turn the modules Vr, Br, Hr and Wr.

To begin with, for a family {Mp}p∈P ′ of submodules of C which satisfies
the identity Mp∩Mq = {0} for all p 6= q, and an L ∈ Down(P ′), we introduce
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notation

ML :=
⊕
p∈L

Mp.

Set C ′ := CP ′ , W
′ := WP ′ , V

′ := VP ′ , B
′ := BP ′ , and H ′ := HP ′ . Then

from (i) and (ii) applied to (P ′, C ′, d|C′) we get

(34) C ′L = CL = WL = VL ⊕HL ⊕BL for every L ∈ Down(P ′).

We will show that

(35) V ′ ∩ (H ′ + d(C)) = 0.

Indeed, if x ∈ V ′ and x = x1 + dx2 for an x1 ∈ H ′ and an x2 ∈ C, then one
obtains dx = dx1. By (v) of the induction assumption, (P ′, H ′, d|H′) is a
poset filtered chain complex. Hence, dx = dx1 = d|H′x1 ∈ H ′. Also, by (iii)
of the induction assumption we have dx ∈ B′, and therefore dx ∈ H ′∩B′ = 0.
Since x ∈ V ′ one then obtains x = 0. This proves (35).

Since d−1(Cr<) ∩ Cr≤ is a Z-graded submodule of Cr≤ , we can find a
Z-graded submodule Vr of Cr≤ such that

(36) Cr≤ = d−1(Cr<) ∩ Cr≤ ⊕ Vr,

where we also use the fact that the modules have field coefficients. We will
prove that

(37) Cr≤ ∩ d−1(Cr<) = Cr< + Cr≤ ∩ d−1(Hr<).

To see that the right-hand side of (37) is contained in the left-hand side
observe that the right-hand side is obviously contained in Cr≤ . Since C is a
filtered chain complex and r< is a down set, we have d(Cr<) ⊂ Cr< and, in
consequence, Cr< ⊂ d−1(Cr<). We also have d−1(Hr<) ⊂ d−1(Cr<), because
Hr< ⊂ Wr< by (ii) and Wr< = Cr< by (i). To prove the opposite inclusion
take an x ∈ Cr≤ ∩ d−1(Cr<). Then dx ∈ Cr< . Hence, by (34), we can find
xV ∈ Vr< , xH ∈ Hr< and xB ∈ Br< such that dx = xV +xH+xB. From (iii)
we get xB = dyV for some yV ∈ Vr< . It follows that xV = d(x− yV )− xH .
Hence, xV ∈ Vr< ∩ (d(C) + Hr<) ⊂ V ′ ∩ (d(C) + H ′). Thus, from (35) we
get xV = 0 and d(x − yV ) = xH ∈ Hr< which means x − yV ∈ d−1(Hr<).
We also have x ∈ Cr≤ and yV ∈ Vr< ⊂ Cr< ⊂ Cr≤ . Therefore, one finally
obtains x = yV + (x − yV ) ∈ Cr< + Cr≤ ∩ d−1(Hr<). This completes the
proof of (37).

Now set Br := d(Vr). We will prove that

(38) Br ∩ Cr< = 0.

Let x ∈ Br ∩ Cr< . Then x = dy for some y ∈ Vr ⊂ Cr≤ . Since x ∈ Cr< , we
get y ∈ d−1(Cr<). Therefore, y ∈ Vr ∩Cr≤ ∩ d−1(Cr<). It follows from (36)
that y = 0. Hence, x = d0 = 0, which proves (38).

Since (P,C, d) is a poset filtered chain complex, the boundary homomor-
phism d is a filtered homomorphism. Therefore, we have Cr< ⊂ d−1(Cr<).
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Obviously, Cr< ⊂ Cr≤ and Br = d(Vr) ⊂ d(Cr≤)∩d−1(0) ⊂ Cr≤∩d−1(Hr<).
Thus, by (38), we have a direct sum of Z-graded submodules

(39) Cr< ∩ d−1(Hr<)⊕Br ⊂ Cr≤ ∩ d−1(Hr<).

Hence, we can choose a Z-graded submodule Hr such that

(40) Cr≤ ∩ d−1(Hr<) = Cr< ∩ d−1(Hr<)⊕Br ⊕Hr.

Thus, it follows from (37) and Proposition 6.17 that

(41) Cr≤ ∩ d−1(Cr<) = Cr< ⊕Br ⊕Hr.

Therefore, setting Wr := Vr ⊕Br ⊕Hr we get from (36) that

(42) Cr≤ = Cr< ⊕Wr.

We now have well-defined families {Wp}p∈P , {Vp}p∈P , {Bp}p∈P , {Hp}p∈P of
submodules of C. We will prove that they indeed satisfy properties (i)-(v)
for (P,C, d). To prove (i) observe that by (42)

C = CP ′∪r≤ = C ′ + Cr≤ = C ′ + Cr< +Wr = C ′ +Wr.

We claim that C = C ′⊕Wr. Indeed, by (42) we have Wr ⊂ Cr≤ . Therefore,
Wr ∩C ′ ⊂Wr ∩Cr≤ ∩C ′ = Wr ∩Cr< = 0. This together with the induction
assumption shows that

C =
⊕
p∈P

Wp.

To show that (Wp)p∈P is filtered equivalent to (Cp)p∈P , one needs to verify
that CL = WL for all L ∈ Down(P ). Note that by the induction assumption

(43) CL = WL for L ∈ Down(P ′).

Thus, we only need to consider the case when r ∈ L. Let L′ := L \ {r}.
Then L = L′ ∪ r≤, and (43) and (42) yield

CL = CL′+Cr≤ = WL′+Cr< +Wr = WL′+Wr< +Wr = WL′+Wr≤ = WL.

This proves property (i). By induction assumption properties (ii)-(v) need to
be verified only for p = r. Property (ii) for p = r follows from the definition
of Wr. To see (iii) for p = r take an x ∈ Vr such that dx = 0 ∈ Cr< . Since
the inclusion Vr ⊂ Cr≤ holds, it follows that x ∈ Vr∩Cr≤ ∩d−1(Cr<) and we
get from (36) that x = 0. Thus, d|Vr is a monomorphism. By the definition
of Br it is an epimorphism, which proves (iii).

Finally, by (40) we have Hr ⊂ d−1(Hr<) which implies

(44) d(Hr) ⊂ Hr< .

Therefore, drr(Hr) = 0 which proves (iv) for p = r. To show that (P,H, d|H)
is a poset filtered chain complex, we will prove that

(45) d(HL) ⊂ HL for every L ∈ Down(P ).
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Property (45) holds by induction assumption if r 6∈ L. Thus, assume r ∈ L
and set L′ := L\{r}. Then HL = HL′+Hr<+Hr, and by (44) and induction
assumption one has

d(HL) ⊂ d(HL′) + d(Hr<) + d(Hr) ⊂ HL′ +Hr< ⊂ HL,

which proves (45). Since P ∈ Down(P ) and HP = H, we get from (44) that
the restriction d|H : H → H is well-defined. Since d2 = 0 and d(H) ⊂ H,

we get d2
|H = 0. This proves that (H, d|H) is a chain complex. From (45)

and Corollary 4.6 one further obtains that d|H is a filtered homomorphism.
This proves (v) and completes the proof of the lemma. �

Theorem 6.19. Every poset filtered chain complex admits a Conley complex
and a connection matrix.

Proof: Assume (P,C, d) is a poset filtered chain complex. Let {Wp}p∈P ,
{Vp}p∈P , {Bp}p∈P , {Hp}p∈P be families of submodules of C satisfying
properties (i)-(v) of Lemma 6.18. Then, by Lemma 6.18(i), the collec-
tion (Wp)p∈P is a P -gradation of the module W :=

⊕
p∈P Wp coinciding

with the module C and, by Proposition 5.17, the triple (P,W, d) is a fil-
tered chain complex which is filtered chain isomorphic to (P,C, d). Thus, it
suffices to prove that (P,W, d) admits a Conley complex and a connection
matrix. For this, set V :=

⊕
p∈P Vp, B :=

⊕
p∈P Bp, H :=

⊕
p∈P Hp.

Then W = V ⊕ H ⊕ B. Moreover, (P, V ), (P,B) and (P,H) are ob-
jects of GMod and by Lemma 6.18(iv) the triple (P,H, d|H) is a filtered
chain complex. Clearly, it is a filtered chain subcomplex of (P,W, d). Set
Q := { p ∈ P | Hp 6= 0 }. We claim that (Q,H, d|H) is also a filtered chain
complex. Clearly, H =

⊕
p∈QHp and (H, d|H) is a chain complex. Let

L ∈ Down(Q) and let L′ := { p ∈ P | ∃q∈L p ≤ q }. Then L′ ∈ Down(P )
and Hp = 0 for p ∈ L′ \ L. Therefore, HL′ = HL. Thus, since d|H is
P -filtered, it follows from Corollary 4.6 that d|H is also Q-filtered. Hence,
(Q,H, d|H) is a filtered chain complex. It follows from Lemma 6.18(iv)
that (Q,H, d|H) is boundaryless. Hence, we conclude from Corollary 5.4
and the definition of Q that (Q,H, d|H) is reduced. We will prove that
(Q,H, d|H) is filtered chain homotopic to (P,W, d). Let ι : H → W
and π : W → H be respectively the inclusion and the projection ho-
momorphisms. It follows from Lemma 6.18(v) that for x ∈ H we have
dιx = dx = ιdx, that is, ι is a chain map. Also, for x ∈ W we have
x = xV + xH + xB, where xV ∈ V , xH ∈ H and xB ∈ B. Hence, by
Lemma 6.18(iii) dx = dxV + dxH + dxB = dxV + dxH ∈ B ⊕H. Therefore,
πdx = dxH = dπx proving that π is a chain map. Let α : Q → P denote
the inclusion map. Clearly, α is order preserving. Since α is injective, the
inverse relation β := α−1 : P 9 Q is a well-defined partial map which is
also order preserving. Recall that by Proposition 5.10(i) for every p ∈ P we
have a chain complex (Wp, dpp). By Lemma 6.18 it has homology decompo-
sition Wp = Vp⊕Hp⊕Bp. Thus, by Proposition 5.5(ii), the chain complexes
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(Wp, dpp) and (Hp, 0) are chain homotopic. It follows that (Wp, dpp) is essen-
tial if and only if (Hp, 0) is essential. Moreover, by Corollary 5.4, (Hp, 0) is
essential if and only if Hp 6= 0. Therefore, P? = Q = Q? which implies that
α : (Q,Q?)→ (P, P?) and β : (P, P?)→ (Q,Q?) are well-defined morphisms
in DPSet. Obviously, the inclusion homomorphism ι : H →W is β-graded
and, in consequence, β-filtered. Similarly, the projection homomorphism
π : W → H is α-filtered. Therefore, we have well-defined filtered mor-
phisms (β, ι) : (Q,H, d|H) → (P,W, d) and (α, π) : (P,W, d) → (Q,H, d|H).
Obviously, (α, π) ◦ (β, ι) = (βα, πι) = (idQ, idH) = id(Q,H). We will show
that (β, ι) ◦ (α, π) = (αβ, ιπ) is filtered chain homotopic to id(P,W ). Let
µ : W 3 x = xV + xH + xB 7→ xB ∈ B be the projection map and let
ν : V 3 x 7→ x ∈ W be the inclusion map. Clearly, µ and ν are graded
and, in consequence, filtered homomorphisms. By Lemma 6.18(iii) we have
a well-defined P -graded degree −1 isomorphism d|V : V 3 x 7→ dx ∈ B with

a P -graded inverse, which is a degree +1 isomorphism d−1
|V : B → V . Then

Γ := ν ◦ d−1
|V ◦µ : W →W is a degree 1 filtered module homomorphism. We

claim that

(46) idC −ιπ = Γd+ dΓ.

To see (46), take an arbitrary x ∈W = C. Then x = xV +xH+xB, where we
have xV ∈ V , xH ∈ H and xB ∈ B. Hence, (idC −ιπ)(x) = xV +xB, as well
as dx = dxV +dxH ∈ B+H, Γdx = xV , Γx = d−1

|V (xB) and also dΓx = xB. It

follows that (Γd+dΓ)(x) = xV +xB which proves the identity (46). Clearly,
the identity (βα)|P? = idP? = idP |P? holds. Hence, (idP ,Γ) is an elementary
filtered chain homotopy between (αβ, ιπ) and id(P,W ). Thus, (Q,H, d|H)
and (P,W, d) are filtered chain homotopic. Since Q = Q?, we deduce from
Lemma 6.18(iv) and Proposition 6.3 that (Q,H, d|H) is reduced. It follows
that the poset filtered chain complex (Q,H, d|H) is in fact a Conley complex
for (P,W, d) and that the (Q,Q)-matrix of d|H is a connection matrix of the
poset filtered chain complex (P,W, d). �

7. Connection matrices in Lefschetz complexes

7.1. Lefschetz complexes. With this section we turn our attention to a
more specialized situation. Rather than continuing to study connection
matrices for general poset filtered chain complexes, we now consider the
setting of Lefschetz complexes. The following definition goes back to S.
Lefschetz, see [15, Chapter III, Section 1, Definition 1.1].

Definition 7.1. We say that (X,κ) is a Lefschetz complex over a ring R if
X = (Xq)q∈N0 is a finite set with N0-gradation, κ : X × X → R is a map
such that

(47) κ(x, y) 6= 0 ⇒ x ∈ Xq, y ∈ Xq−1,
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and for any x, z ∈ X we have

(48)
∑
y∈X

κ(x, y)κ(y, z) = 0.

We refer to the elements of X as cells, to κ(x, y) as the incidence coefficient
of the cells x and y, and to κ as the incidence coefficient map. We define
the dimension of a cell x ∈ Xq as q, and denote it by dimx. Whenever the
incidence coefficient map is clear from the context we often refer just to X
as Lefschetz complex. We say that (X,κ) is regular if for any x, y ∈ X the
incidence coefficient κ(x, y) is either zero or it is invertible in R.

Let (X,κ) be a given Lefschetz complex. We denote by Ck(X) := R〈Xk〉
the free R-module spanned by the set Xk of cells of dimension k for k ∈ N0,
and let Ck(X) denote the zero module for k < 0. Then it is clear that the
sum C(X) :=

⊕
k∈ZCk(X) is a free Z-graded R-module generated by X.

Finally, define the module homomorphism ∂κ : C(X)→ C(X) on generators
by

(49) ∂κ(x) :=
∑
y∈X

κ(x, y)y.

Proposition and Definition 7.2. The pair (C(X), ∂κ) is a chain complex.
We call it the chain complex of (X,κ) and we refer to the homology of this
chain complex as the Lefschetz homology of (X,κ).

Proof: Condition (47) guarantees that ∂κ is a degree −1 module homo-
morphism, and condition (48) implies that (∂κ)2 = 0. �

Note that every finitely generated free chain complex is the chain complex
of a Lefschetz complex obtained by selecting a basis. More precisely, assume
that (C, ∂) is a finitely generated free chain complex over a ring R and U ⊂ C
is a fixed basis of C. Suppose further that Ck = 0 for all k < 0. Then for
every v ∈ U there are uniquely determined coefficients avu ∈ R such that

∂v =
∑
u∈U

avuu.

Let κ∂ : U ×U → R be defined by κ∂(v, u) = avu. The following proposition
is straightforward.

Proposition 7.3. The pair (U, κ∂) is a Lefschetz complex. �

The family of cells of a simplicial complex [10, Definition 11.8] and the
family of elementary cubes of a cubical set [10, Definition 2.9] provide simple
but important examples of Lefschetz complexes. In these two cases the
respective formulas for the incident coefficients are explicit and elementary,
see for example [18]. Also a general regular cellular complex, or a regular
finite CW complex as considered in [16, Section IX.3], is an example of a
Lefschetz complex. In this case the incident coefficients may be obtained
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from a system of equations as described in [16, Section IX.5]. Note that a
Lefschetz complex over a field is always regular.

Given x, y ∈ X we say that y is a facet of x, and we write y ≺κ x, if we
have κ(x, y) 6= 0. It is easily seen that the reflexive and transitive closure of
the relation ≺κ is a partial order. We denote this partial order by ≤κ and
the associated strict order by <κ. As an immediate consequence of (47) we
have the following proposition.

Proposition 7.4. The map dim : (X,≤κ) → (Z,≤) which assigns any
cell x ∈ X its dimension dimx ∈ Z is order preserving. Moreover, if the
inequality x ≺κ y holds, then one has dim y = dimx+ 1.

We say that y is a face of x if y ≤κ x. The T0 topology defined via
Theorem 3.5 by the partial order ≤κ will be called the Lefschetz topology of
the Lefschetz complex (X,κ). Observe that the closure of a set A ⊂ X in
this topology consists of all faces of all cells in A.

We say that the subset A ⊂ X is a κ-subcomplex or Lefschetz subcom-
plex of X, if (A, κ|A×A) with the Z-gradation induced from X is a Lefschetz
complex in its own right. The following proposition provides sufficient con-
ditions for a subset of a Lefschetz complex to be a Lefschetz subcomplex.
For more details see [17, Proposition 5.3] and [18, Theorem 3.1].

Proposition 7.5. If A ⊂ X is locally closed in the Lefschetz topology,
then A is a Lefschetz subcomplex of (X,κ). In particular, every open and
every closed subset of X is a Lefschetz subcomplex.

The following result was established in [17, Proposition 5.2], and it com-
putes the homology of some simple Lefschetz complexes.

Proposition 7.6. For every x ∈ X the singleton {x} is a Lefschetz sub-
complex of X and

Hq({x}) ∼=

{
R if q = dimx,

0 otherwise.

For every x, y ∈ X such that x is a facet of y the doubleton {x, y} is a
Lefschetz subcomplex of X and for all q ∈ Z one has

Hq({x, y}) ∼= 0.

Note that in general the chain complex of a Lefschetz subcomplex A of a
Lefschetz complex X is not a chain subcomplex of the chain complex of X.
However, we have the following proposition.

Proposition 7.7. If A is closed in X in the Lefschetz topology, then

(50) ∂κ|A×A = ∂κ|C(A)

and

(51) ∂κ(C(A)) ⊂ C(A).
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A B

C

D E

Figure 4. A simplicial complex consisting of the triangle
ABC, the edges AB, AC, BC, CD, CE, and the vertices
A, B, C, D, and E is an example of a Lefschetz complex.
Simplices are marked with a small circle in the center of mass
of each simplex. The simplices marked with a gray circle
constitute a locally closed (convex) subset of the set of all
simplices. Therefore, it is another example of a Lefschetz
complex X which consists of all simplices of the simplicial
complex except vertices D and E.

In particular, the chain complex (C(A), ∂κ|A×A) is a chain subcomplex of the
chain complex (C(X), ∂κ).

Proof: To see (50) it suffices to verify the equality on basis elements.
Thus, take an x ∈ A. Then

∂κ|A×Ax =
∑
y∈A

κ(x, y)y =
∑
y∈X

κ(x, y)y = ∂κx,

because κ(x, y) 6= 0 implies y ∈ clx ⊂ clA = A. Property (51) and the
remaining assertion are obvious. �

Given a closed subset A ⊂ X in the Lefschetz topology we define the
relative Lefschetz homology H(X,A) as the homology of the quotient chain

complex (C(X,A), ∂̃), where C(X,A) := C(X)/C(A) and ∂̃ stands for the
induced boundary map.

Example 7.8. The easiest way to visualize a Lefschetz complex is by pre-
senting it as a κ-subcomplex of a simplicial complex. A sample Lefschetz
complex is presented in Figure 4 as a locally closed collection of simplices of
a simplicial complex. Note, however, that not all Lefschetz complexes can
be written in this form.

7.2. Acyclic partitions. Let X be a finite topological space and let E be a
partition of X into locally closed sets. Consider the relation �E in E defined
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by

(52) E �E E′ if and only if E ∩ clE′ 6= ∅.

We say that E is an acyclic partition of X if �E may be extended to a partial
order on E . Every such extension is called E-admissible. Note that the
smallest E-admissible partial order on an acyclic partition E is the transitive
closure of �E . We call it the inherent partial order of E and denote it by ≤E .

Proposition 7.9. Assume that E is an acyclic partition of a finite topolog-
ical space X, that ≤ is an E-admissible partial order, and that D ⊂ E.

(i) If D is a down set with respect to ≤E , then |D| is closed.
(ii) If D is convex with respect to ≤E , then |D| is locally closed.

Proof: In order to prove (i), we assume that D ⊂ E is a down set and
let x ∈ cl |D|. Then there exists an E′ ∈ D such that x ∈ clE′. Since E is
a partition of X, there exists an E ∈ E such that x ∈ E. It follows that
E ∩ clE′ 6= ∅ and, since ≤ is an E-admissible partial order, we get E ≤ E′.
Since D is a down set, this in turn implies E ∈ D. Thus, x ∈ E ⊂ |D|, and
therefore |D| is closed. This completes the proof of (i). To prove (ii), we
now assume that D is convex. It follows from Proposition 3.1 that both D≤
and D< are down sets, and due to (i) the sets |D≤| and |D<| are closed.
Moreover, since D = D≤\D< and E is a partition, we have |D| = |D≤|\|D<|.
Hence, |D| is locally closed by Proposition 3.4. �

7.3. Connection matrices of acyclic partitions. Assume that E is an
acyclic partition of a Lefschetz complex X. Then the module C(X) admits
an E-gradation

(53) C(X) =
⊕
E∈E

C(E).

We have the following proposition.

Proposition 7.10. The triple (E , C(X), ∂κ) with an E-admissible partial
order ≤ on E and the E-gradation (53) is a poset filtered chain complex.

Proof: We need to prove that ∂κ is a filtered module homomorphism,
that is, ∂κ is an α-filtered module homomorphism with α = idE . For this,
we will verify (11) of Corollary 4.6 for M = C(X) and L = D ∈ Down(E).
Then one immediately obtains ML = C(X)D = C(|D|), and we need to
verify that the inclusion ∂κ(C(|D|)) ⊂ C(|D|) holds. But, this follows from
Proposition 7.7, because, by Proposition 7.9(i), the set |D| is closed. Thus,
by Corollary 4.6, we see that the boundary homomorphism is idE -filtered.
Therefore, (E , C(X), ∂κ) is a poset filtered chain complex. �

Proposition 7.10 lets us define the Conley complex and connection matri-
ces of acyclic partitions.
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Definition 7.11. By a filtration of an acyclic partition E of a Lefschetz
complex X we mean a poset filtered chain complex (E , C(X), ∂κ) with E
ordered by an E-admissible partial order. The Conley complex and the
associated connection matrices of E are defined as the Conley complex and
the associated connection matrices of the filtration of E , that is, the Conley
complex and connection matrices of (E , C(X), ∂κ).

7.4. Singleton partition. We have the following proposition and defini-
tion.

Proposition and Definition 7.12. Assume (X,κ) is a Lefschetz complex.
Then the following hold:

(i) The family
X := { {x} | x ∈ X }

is a partition of X into locally closed sets.
(ii) The map

sing : X 3 x 7→ {x} ∈ X
is a bijection which preserves in both directions the relation ≤κ on X
and the relation �X on X given by (52).

(iii) The relation �X is a partial order on X which coincides with the
inherent partial order ≤X on X .

(iv) The family X is an acyclic partition of X.

We call X the singleton partition of X.

Proof: Clearly X is a partition of X and every singleton {x} is locally
closed, because we have {x} = x≤κ \x<κ and the sets x≤κ and x<κ are both
down sets, hence closed. This proves (i).

Now let x, y ∈ X. Then one easily verifies the sequence of equivalences

x ≤κ y ⇔ x ∈ cl y

⇔ {x} ∩ cl{y} 6= ∅
⇔ {x} �X {y},

which proves (ii). Hence, �X is a partial order on X . In particular, �X
is transitively closed, and this implies that �X coincides with the inherent
partial order on X . This proves (iii). It follows that X is an acyclic partition
of X, which finally establishes (iv). �

Proposition 7.12 shows that we have a well-defined poset filtered chain
complex (X , C(X), ∂κ). Using the order isomorphism sing : X → X we
identify it with (X,C(X), ∂κ). We note that via this identification closed
sets in X are in one-to-one correspondence with down sets in X .

Proposition 7.13. Let (X,κ) be a Lefschetz complex. The native partial
order of ∂κ is precisely ≤κ.

Proof: According to Definition 5.7 we have to prove that for every ad-
missible partial order ≤ on X and x, y ∈ X the inequality x ≤κ y implies
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the inequality x ≤ y. Clearly, it suffices to prove that x ≺κ y implies x ≤ y,
because ≤κ is the transitive closure of ≺κ. But, x ≺κ y by definition means
that κ(y, x) 6= 0 which implies ∂κxy 6= 0, and by the admissibility of ≤ finally
gives the inequality x ≤ y. �

Note that the bijection sing lets us identify partial orders in X with
partial orders in the associated singleton partition X of X. As an immediate
consequence of Proposition 7.12 and Proposition 7.13 we get the following
corollary.

Corollary 7.14. Let (X,κ) be a Lefschetz complex and let X denote the
associated singleton partition. A partial order is ∂κ-admissible if and only
if it is X -admissible.

We say that a ∂κ-admissible partial order ≤ in X is natural if

(54) x ≤ y and dimx = dim y ⇒ x = y.

Note that the native partial order of ∂κ is natural, but that a ∂κ-admissible
partial order ≤ in X does not need to be natural in general.

Definition 7.15. A filtration of a Lefschetz complex (X,κ) is defined as a
filtration of the singleton partition of X, that is, the poset filtered chain
complex (X,C(X), ∂κ) with X ordered by a ∂κ-admissible partial order.
When we consider X as a poset ordered by a natural partial order in X we
refer to the filtration (X,C(X), ∂κ) as a natural filtration of X. When we
consider X as a poset ordered by the native partial order of X we refer to
the filtration (X,C(X), ∂κ) as the native filtration of X.

Theorem 7.16. Let (X,κ) be a Lefschetz complex. Then the following hold:

(i) Every filtration of the Lefschetz complex (X,κ) is reduced, that is, it
is a Conley complex of itself. In particular, X? = X.

(ii) Every natural filtration of a Lefschetz complex (X,κ) has a uniquely
determined Conley complex and connection matrix. The connection
matrix coincides with the (X,X)-matrix of the boundary homomor-
phism ∂κ.

Proof: Consider an x ∈ X. We have from (47) that κ|{x}×{x} = 0.
Therefore, ∂κ|C({x}) = 0. Moreover, since Cdimx({x}) = Rx 6= 0, we see from

Proposition 6.3 that X? = X and (X,C(X), ∂κ) is reduced. In consequence,
it is a Conley complex of itself. This proves (i).

In order to prove (ii), it suffices to verify that every transfer morphism
from (X,C(X), ∂κ) to a Conley complex (P,C, d) of (X,C(X), ∂κ) is es-
sentially graded. Actually, we will prove the stronger fact that every such
transfer morphism is graded. Thus, assume that (X,C(X), ∂κ) is a natural
filtration of X, that (P,C, d) is another Conley complex of X, and that the
map (α,ϕ) : (X,C(X), ∂κ)→ (P,C, d) is a filtered chain isomorphism.

Since in view of (i) the filtration (X,C(X), ∂κ) is a Conley complex of
itself, the transfer morphism from (X,C(X), ∂κ) to (P,C, d) is just (α,ϕ).
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Since both (X,C(X), ∂κ) and (P,C, d), as Conley complexes, are reduced,
we see from Proposition 6.9 that (α,ϕ) is also an isomorphism in FMod.
Thus, it follows from Lemma 4.13 that α : P → X is an order isomorphism
and ϕpα(p) : C({α(p)}) → Cp is an isomorphism of Z-graded moduli for
every p ∈ P . But, Proposition 7.6 provides the structure of C({α(p)}).
Hence, we can choose a non-zero cp ∈ C such that

(Cp)n =

{
Rcp if n = dimα(p),

0 otherwise.

In other words, Cp is a one-dimensional Z-graded module generated by cp
such that

(55) dim cp = dimα(p).

In order to prove that (α,ϕ) is an isomorphism in GMod we will first show
that ϕ is α-graded by verifying (6). Assume therefore that we have ϕpy 6= 0
for p ∈ P and y ∈ X. Furthermore, let x = α(p). Since (α,ϕ) is a filtered
module homomorphism, we get from (7) that p ∈ α−1(y≤)≤. This implies
that there exists a p′ ∈ P such that p ≤ p′ and α(p′) ≤ y. Since α is an
order isomorphism, one further obtains x = α(p) ≤ α(p′) ≤ y.

Note that Cp is a one-dimensional Z-graded module which is non-zero only
in dimension n = dimα(p) = dimx. Since ϕpy : C({y}) → Cp is Z-graded
homomorphism of degree zero, both C({y}) and Cp are one-dimensional Z-
graded modules, and we have ϕpy 6= 0, one immediately obtains that ϕpy
maps Ry isomorphically onto Rcp. It follows that dim cp = dim y. In view
of x = α(p) and (55) we therefore have dimx = dim y. Since x ≤ y and the
partial order is natural, this implies x = y, as well as α(p) = x = y. This in
turn proves that ϕ is α-graded, that is, (α,ϕ) is a module homomorphism
in GMod. Since it is an isomorphism in FMod, one obtains from Corol-
lary 4.14 that it is also an isomorphism in GMod. Since it is a chain map,
Proposition 5.1 shows that it is an isomorphism in PgCc. This completes
the proof of (ii). �

8. Dynamics of combinatorial multivector fields

8.1. Combinatorial multivector fields. The concept of a combinatorial
multivector field was proposed in [17, Definition 5.10] as a dynamically ori-
ented extension of the notion of combinatorial vector field which has been
introduced by Forman [6, 5]. The definition of combinatorial multivector
field we consider here is based on [13] restricted to the special setting of
Lefschetz complexes. Let X be a Lefschetz complex. By a combinatorial
multivector in X we mean a non-empty subset of X which is locally closed
with respect to the Lefschetz topology. A combinatorial multivector field
is a partition V of X into combinatorial multivectors. Since in this paper
we do not use any other concepts of vector fields, in the sequel we simplify
the terminology by dropping the adjective combinatorial in combinatorial
multivector and combinatorial multivector field.
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Figure 5. Three different multivector fields V0 (left), V1

(middle), V2 (right) on the Lefschetz complex X introduced
in Example 7.8. Critical cells are marked with a fat circle
around the circle in the center of mass of a simplex. Vectors
and multivectors are marked with an arrow from simplex x
to simplex y whenever y ∈ ΠV(x) and y 6∈ clx. The case
when y ∈ clx is not marked to keep the image readable.

We say that a multivector V is critical, if the relative Lefschetz homol-
ogy H(clV,moV ) is non-zero. A multivector V which is not critical is called
regular. For each x ∈ X we denote by [x]V the unique multivector in V which
contains x. If the multivector field V is clear from context, we abbreviate the
notation by writing [x] := [x]V . We say that x ∈ X is critical (respectively
regular) with respect to the multivector field V, if the multivector [x]V is
critical (respectively regular). We say that a subset A ⊂ X is V-compatible
if for each x ∈ X either [x]V ∩A = ∅ or [x]V ⊂ A.

We associate with every multivector field a multivalued map ΠV : X ( X
given by

ΠV(x) := clx ∪ [x]V .

The multivalued map ΠV may be interpreted as a digraph with vertices
in X and an arrow from x ∈ X to y ∈ X if y ∈ ΠV(x). Clearly, every
multivector V ∈ V forms a clique in this digraph. By collapsing all vertices
in a multivector to a point we obtain an induced digraph with vertices in V
and an arrow from V ∈ V to W ∈ W if there exist an x ∈ V and a y ∈ W
such that y ∈ ΠV(x). We refer to this digraph as the V-digraph.

Since V is a partition of X into locally closed subsets, we can consider
the relation �V in V introduced in Section 7.2 . The following proposition
shows that the V-digraph and the relation �V are the same concepts.

Proposition 8.1. There is an arrow from V to W in the V-digraph of V if
and only if W �V V , that is, if and only if W ∩ clV 6= ∅.
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Proof: Assume there is an arrow from V to W in the V-digraph of V,
and let x, y ∈ X be such that x ∈ V , y ∈W , and y ∈ ΠV(x) = [x]V ∪ clx. If
y ∈ [x], then W = [y] = [x] = V which yields W ∩clV = V 6= ∅. If y ∈ cl[x],
then y ∈W ∩ clV proving that W ∩ clV 6= ∅. Vice versa, if W ∩ clV 6= ∅,
then we can take a y ∈W ∩ clV and an x ∈ V such that y ∈ clx. It follows
that y ∈ ΠV(x). Hence, there is an arrow in the V-digraph from V to W . �

Example 8.2. Figure 5 presents three different combinatorial multivector
fields V0, V1, and V2 on the Lefschetz complex X introduced in Example 7.8.
The V0-digraph coincides with the Hasse diagram (20). Notice that by using
the Hasse diagram representation of the digraph, we implicitly assume that
arrows always point downwards, i.e., we represent them without arrow heads.
Moreover, to keep the diagrams as simple as possible, we do not indicate
the loops which are present at every node. Similarly, the V1-digraph is

(56)

{CD} {CE}

{C,AC} {BC,ABC}

{AB}

{A} {B}

Q
Q

�
�

�����

Q
Q

�
�

and the V2-digraph is given by

(57)

{CD} {CE}

{AC,ABC} {C,BC}

{AB}

{A} {B}

Q
Q

�
�

PPPPP

Q
Q

�
�

8.2. Solutions and paths. We call a subset A ⊂ Z left bounded (respec-
tively right bounded) if it has a minimum (respectively maximum). Other-
wise we call it left unbounded or left infinite (respectively right unbounded
or right infinite). We call A ⊂ Z bounded if A has both a minimum and a
maximum. We call A ⊂ Z a Z-interval if A = Z ∩ I where I is an interval
in R.

A solution of a multivector field V in A ⊂ X is a partial map % : Z 9 A
whose domain, denoted by dom %, is a Z-interval and for any i, i+1 ∈ dom %
the inclusion %(i+ 1) ∈ ΠV(%(i)) holds. The solution passes through x ∈ X
if 0 ∈ dom % and x = %(0) for some i ∈ dom %. The solution % is full if
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dom % = Z. It is a backward solution if dom % is left infinite. It is a forward
solution if dom % is right infinite. It is a partial solution or simply a path if
dom % is bounded. We refer to the cardinality of the domain of a path as the
length of the path. If the maximum of dom % exists, we call the value of % at
this maximum the right endpoint of %. If the minimum of dom % exists, we
call the value of % at this minimum the left endpoint of %. We denote the left
and right endpoints of % by %@ and %A, respectively. Given a full solution %
through x ∈ X, we denote by %+ := %|Z+

0
the forward solution through x,

and by %− := %|Z−0
the backward solution through x.

By a shift of a solution % we mean the composition % ◦ τn, where τn : Z 3
m 7→ m+ n ∈ Z is the translation map. Given two solutions ϕ and ψ such
that ψ@ and ϕA exist and ψ@ ∈ ΠV(ϕA), there is a unique shift τn such that
ϕ ∪ ψ ◦ τn is a solution. We call this union of paths the concatenation of ϕ
and ψ and denote it ϕ · ψ. We also identify each x ∈ X with the path of
length one whose image is {x}. The following proposition is straightforward.

Proposition 8.3. Let x, y ∈ X. Then y ∈ ΠV(x) if and only if there is an
arrow from [x] to [y] in the V-digraph. Consequently, the multivector field V
admits a path from x to y if and only if there is a path from [x] to [y] in the
V-digraph. �

8.3. Isolating neighborhoods and isolated invariant sets. A full so-
lution % : Z → X is called left-essential (respectively right-essential), if
for every regular x ∈ im % the set { t ∈ Z | %(t) 6∈ [x]V } is left-infinite (re-
spectively right-infinite). We say that % is essential if it is both left- and
right-essential. We say that S ⊂ X is V-invariant, or briefly invariant, if
for every x ∈ S there exists an essential solution through x in S. A closed
set N ⊂ X is an isolating set for a V-invariant subset S ⊂ N if ΠV(S) ⊂ N
and any path in N with endpoints in S is a path in S. We say that S is an
isolated invariant set if S admits an isolating set.

8.4. Recurrent solutions and gradient-like multivector fields. An
essential solution % : Z→ X is recurrent if for every x ∈ im % the set %−1(x)
is both left- and right-infinite. A multivector field V is called gradient-like
if for every recurrent solution % : Z → X there exists a multivector V ∈ V
such that im % ⊂ V . A multivector field V is called gradient if the only
recurrent solutions are constant solutions with its value in a singleton of V.
We would like to point out that this rules out multivectors of size at least
two which have the index of a hyperbolic equilibrium. Moreover, recall that
a singleton in V is always critical, see Proposition 7.6. We then have the
following proposition.

Proposition 8.4. Let V be a combinatorial multivector field on a Lefschetz
complex X. The following properties are pairwise equivalent.

(i) V is gradient-like.
(ii) After discarding self-loops, the V-digraph is acyclic.
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(iii) V is an acyclic partition in X.

Proof: The equivalence (i) ⇔ (ii) follows from Proposition 8.3, and the
equivalence (ii)⇔ (iii) follows from Proposition 8.1. �

8.5. Morse decompositions and connection matrices. We define the
backward and forward ultimate image of a full solution % : Z → X respec-
tively as the sets

uim−(%) :=
⋂
t∈Z−

%((−∞, t]),

uim+(%) :=
⋂
t∈Z+

%([t,∞)).

The following proposition is straightforward

Proposition 8.5. If % : Z → X is a periodic solution, then its backward
and forward ultimate images satisfy uim−(%) = im % = uim+(%). �

By a Morse decomposition of V we mean a collection M of mutually
disjoint isolated invariant sets of V, called Morse sets, together with a partial
order ≤ on M such that for every essential solution % : Z → X one either
has im % ⊂M for a Morse set M ∈M, or there exist Morse sets M,M ′ ∈M
which satisfy M < M ′ and for which uim−(%) ⊂M ′ and uim+(%) ⊂M .

Let M be a Morse decomposition of V. Then the family

EM :=M∪ {V ∈ V | V ∩
⋃
M = ∅ }

is clearly a partition of X. We call it the partition induced by the Morse
decomposition M. Each E ∈ EM either is a Morse set, or it is a multivector
not contained in any of the Morse sets. For E,E′ ∈ EM we write E 4 E′ if
and only if there is a path σ such that σ@ ∈ E′ and σA ∈ E.

Proposition 8.6. The relation 4 is a partial order in EM.

Proof: Clearly, the relation is reflexive and transitive. To see that it is
antisymmetric, take E,E′ ∈ EM such that E 4 E′ and E′ 4 E. We will
prove that the assumption E 6= E′ leads to a contradiction. Let σ be a path
such that σ@ ∈ E′ and σA ∈ E. In addition, let τ denote a path which
satisfies both τ@ ∈ E and τA ∈ E′.

Consider first the case when E and E′ are multivectors disjoint from
Morse sets. Then [σ@] = E′ = [τA] and [σA] = E = [τ@]. It follows that the
paths σ and τ can be concatenated to a full, periodic solution %. Since we
assumed that E 6= E′, this solution % is essential. Consequently, uim−(%)
and uim+(%) must be contained in Morse sets. However, it follows from
Proposition 8.5 that uim−(%) = im % = uim+(%), and therefore the point σ@

is contained in both E′ and a Morse set, which contradicts our assumption
that both E and E′ are multivectors disjoint from Morse sets. Thus, we
have E = E′ in this case.
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Consider now the case when both E and E′ are Morse sets. In particular,
this implies that they are invariant. Let % be an essential solution through σ@

in E′, and let π be an essential solution through σA in E. Then σ̄ := %−·σ·π+

is an essential solution with uim−(σ̄) ⊂ E′ and uim+(σ̄) ⊂ E, and therefore
it follows from the definition of Morse decomposition that E′ > E. Similarly,
we can extend τ to an essential solution τ̄ which satisfies both uim−(τ̄) ⊂ E
and uim+(τ̄) ⊂ E′. Hence, one obtains E > E′, another contradiction.

Finally, consider the case when one of the sets E, E′ is a Morse set and the
other is a multivector disjoint from Morse sets. Without loss of generality we
may assume that E is a Morse set and E′ is a multivector disjoint from Morse
sets. Then [σ@] = E′ = [τA]. Let π be an essential solution through σA in
the Morse set E, and let % be an essential solution through τ@ in E. Then
the concatenation ξ := %− · τ · σ · π+ is an essential solution which satisfies
both uim−(ξ) ⊂ E and uim+(ξ) ⊂ E. Thus, it follows from the definition
of Morse decomposition that im ξ ⊂ E, a contradiction. �

Proposition 8.7. The relations 4 and ≤EM coincide. In particular, the
family EM is an acyclic partition of X.

Proof: We need to prove that for all E,E′ ∈ EM
(58) E ≤EM E′ ⇔ E 4 E′

First, we will prove that

(59) E ∩ clE′ 6= ∅ ⇒ E 4 E′.

Let x ∈ E ∩ clE′. Then x ∈ cl y for a y ∈ E′. Thus, σ := y · x is a
path. Moreover, σ@ = y ∈ E′ and σA = x ∈ E, proving (59). Since, by
Proposition 8.6, the relation 4 is transitive, it follows from property (59)
that the left-hand side of (58) implies the right-hand side of (58).

For the reverse implication assume that E 4 E′. Let % = x0 ·x1 · . . . ·xn be
a path from E′ to E. Let Vi := [xi]. Then V0 ⊂ E′ and Vn ⊂ E. Moreover,
since xi+1 ∈ clxi ∪ [xi], we see that Vi+1 ∩ clVi 6= ∅ or Vi+1 = Vi. It follows
that Vi+1 �EM Vi, and therefore E ≤EM E′. Thus, (58) is proved. Hence,
it follows from Proposition 8.6 that ≤EM is a partial order on EM, and this
finally implies that EM is an acyclic partition. �

Proposition 8.7 lets us define the Conley complex and connection matrices
of Morse decompositions.

Definition 8.8. The Conley complex and the associated connection ma-
trices of a Morse decomposition M of a combinatorial multivector field on
a Lefschetz complex are defined as the Conley complex and the associated
connection matrices of the acyclic partition EM, i.e., the Conley complex
and connection matrices of the poset filtered chain complex (EM, C(X), ∂κ).

Example 8.9. All three combinatorial multivector fields V0, V1, V2 in Fig-
ure 5 have a common Morse decomposition given by the sets

M0 =M1 =M2 = {{A}, {B}, {AB}, {CD}, {CE}},



CONNECTION MATRICES IN COMBINATORIAL TOPOLOGICAL DYNAMICS 53

which consist of singletons. However, the acyclic partition EMi is different
for each index i ∈ {0, 1, 2}. In these simple examples, EMi coincides with V i.
The filtered chain complex (EM0 , C(X), ∂κ) coincides with the filtered chain
complex considered in Example 5.9. Therefore, the connection matrices
given by (27) and (31) are the connection matrices of M0. We know that
these matrices are not equivalent.

9. Connection matrices for Forman’s gradient vector fields

Recall that a combinatorial multivector W is a combinatorial vector if
cardW ≤ 2. A combinatorial multivector field whose multivectors are just
vectors is called a combinatorial vector field, a concept introduced by R. For-
man [6, 5]. In the case of a combinatorial vector field the critical vectors are
precisely the singletons and the regular vectors are precisely the doubletons,
i.e., vectors of cardinality two. Therefore, every gradient-like combinatorial
vector field is a gradient combinatorial vector field.

In this section we assume that V is a gradient combinatorial vector field
on a Lefschetz complex X. Let C ⊂ V be the collection of critical vectors
in V. Since we assume that V is a combinatorial vector field, it follows
from Proposition 7.6 that C is exactly the collection of singletons in V. The
following proposition is straightforward.

Proposition 9.1. Assume V is a gradient combinatorial vector field. The
collection C is a Morse decomposition of V and the partition of X induced
by this Morse decomposition is EC = V. �

It follows that the Conley complex of the Morse decomposition C of X is
the Conley complex of the filtered chain complex (V, C(X), ∂κ). The aim
of this section is to prove that the Morse decomposition C has precisely
one connection matrix, and that this connection matrix coincides with the
matrix of the boundary operator of the associated Morse complex, see also [6,
Section 7]. In order to make this statement precise, we first need to recall
some concepts.

Unlike a general multivector, a combinatorial vector W ∈ V contains a
unique minimal element and a unique maximal element in W with respect
to ≤κ. We denote them by W− and W+, respectively, and we extend the
notation to cells by writing x− := [x]− and x+ := [x]+. Note that a com-
binatorial vector is given by W = {W−,W+}, and W is critical if and only
if we have W+ = W−, which in turn is equivalent to assuming that W is a
singleton. As a consequence of Proposition 7.4 one obtains for a vector W
the inequality

(60) 0 ≤ dimW+ − dimW− ≤ 1,

and for all x ∈W one has

(61) dimW− ≤ dimx ≤ dimW+.
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We say that a cell x is a tail if x = x− 6= x+ and a head if x = x+ 6= x−.
Clearly, if a cell is neither a tail nor a head, then it is critical. We denote
the subsets of critical cells, tails and heads respectively by Xc(V), X−(V),
and X+(V), and we shorten this notation to Xc, X−, and X+ whenever V
is clear from the context. Note that the collection C of critical vectors of V
is precisely { {x} | x ∈ Xc }.

For a combinatorial vector V ∈ V we set dimV := dimV +. Moreover,
recall that V, as a gradient vector field, is an acyclic partition of X according
to Proposition 8.4. In particular, V is a poset with the partial order ≤V .
We have the following proposition.

Proposition 9.2. Assume that V is a gradient vector field on a Lefschetz
complex X. Then the following hold:

(i) The map dim : (V,≤V)→ (N0,≤) is order preserving.
(ii) If V <V W and V is critical, then dimV < dimW .
(iii) We have V? = C, that is, the set of V ∈ V such that C(V ) is homo-

topically essential coincides with the set of critical vectors C.

Proof: Since, by definition, the relation ≤V is the transitive closure of the
relation �V , to prove (i) it suffices to verify that V ∩ clW 6= ∅ for V,W ∈ V
implies dimV ≤ dimW . Thus, assume that V ∩clW 6= ∅. Let x ∈ V ∩clW .
If x ∈W , then V ∩W 6= ∅ which implies V = W , because V is a partition.
In particular, this gives dimV = dimW . Thus, consider now case x 6∈ W .
Since W− ∈ clW+, we have clW = cl{W−,W+} = clW−∪clW+ = clW+.
It follows that x ∈ clW+ \ {W+}, and therefore dimx < dimW+. Since
we assumed x ∈ V , we get from (60) and (61) that dimx ≥ dimV − ≥
dimV + − 1 = dimV − 1. Thus, dimV ≤ dimx+ 1 ≤ dimW+ = dimW .

To see (ii), without loss of generality, we may assume that V ≺V W , that
is, V 6= W and V ∩clW 6= ∅. Observe that since V is critical, both V = {x}
and dimV = dimx are satisfied. Since x 6∈ W and x ∈ clW = clW+, we
have dimx < dimW+. Therefore, dimV = dimx < dimW+ = dimW .

To see (iii) observe that, by Proposition 7.6, the Lefschetz homology of V
is zero if and only if V is not critical. Therefore, property (iii) follows
immediately from Theorem 5.6(iv). �

Consider now a regular Lefschetz complex X. With a given combinatorial
vector field V we can associate the degree +1 map ΓV : C(X) → C(X),
which for a generator x ∈ X is defined by

(62) ΓVx :=

{
0 if x− = x+,

−κ(x+, x−)−1〈x, x−〉x+ otherwise.

In the sequel, we drop the subscript in ΓV whenever V is clear from the
context. The following proposition is straightforward.

Proposition 9.3. If X is a regular Lefschetz complex and V is a combina-
torial vector field on X, then for every c ∈ C(X) we have |Γc| ⊂ X+.
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Proposition 9.4. Suppose that X is a regular Lefschetz complex and V is
a combinatorial vector field on X. Then for all x, u ∈ X we have both the
implication

(63) 〈u,Γ∂x〉 6= 0 ⇒ u ∈ X+ and 〈u,Γ∂x〉 = −κ(x, u−)κ(u+, u−)−1

and

(64) 〈u, ∂Γx〉 6= 0 ⇒ x ∈ X− and 〈u, ∂Γx〉 = −κ(x+, x−)−1〈u, ∂x+〉.

Proof: The definition of the boundary operator of a Lefschetz complex
given in (49) implies

Γ∂x = Γ

∑
y∈X

κ(x, y)y

 =
∑
y∈X

κ(x, y)Γy

= −
∑

y∈X, Γy 6=0

κ(x, y)κ(y+, y−)−1〈y, y−〉y+.

Hence, we have

〈u,Γ∂x〉 = −
∑

y∈X, Γy 6=0

κ(x, y)κ(y+, y−)−1〈y, y−〉〈u, y+〉.

Thus, if 〈u,Γ∂x〉 is non-zero, then there is a y ∈ X such that y− 6= y+

and that all factors in κ(x, y)〈y, y−〉〈u, y+〉 are non-zero. In particular, the
inequality 〈y, y−〉 6= 0 implies y = y−. Hence, y ∈ X− and from 〈u, y+〉 6= 0
we get u = y+ ∈ X+ and y = y− = [y+]− = [u]− = u−. It follows that such
a y is unique and 〈u,Γ∂x〉 = −κ(x, y)κ(y+, y−)−1 = −κ(x, u−)κ(u+, u−)−1.
This proves (63).

To see (64) observe that if 〈u, ∂Γx〉 6= 0, then Γx 6= 0. Hence, x− 6= x+

and one further obtains

〈u, ∂Γx〉 = 〈u,−κ(x+, x−)−1〈x, x−〉∂x+〉 = −κ(x+, x−)−1〈x, x−〉〈u, ∂x+〉.

Therefore, if 〈u, ∂Γx〉 6= 0, then 〈x, x−〉 6= 0 6= 〈u, ∂x+〉. In particular, we
get x = x−, which in turn means that x ∈ X− and

〈u, ∂Γx〉 = −κ(x+, x−)−1〈u, ∂x+〉.

This identity finally proves (64). �

Given a combinatorial vector field V, we define the associated combinato-
rial flow as in [6, Theorem 6.4] by letting Φ := ΦV : C(X) → C(X) act on
a generator x ∈ X through the formula

(65) ΦVx := x+ ∂ΓVx+ ΓV∂x.

In the sequel, whenever V is clear from the context, we drop the subscript
in ΦV . Note that Φ is a degree zero module homomorphism which satisfies
the identity Φ∂ = ∂ + ∂Γ∂ = ∂Φ. Hence, Φ is a chain map. We have the
following proposition.
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Proposition 9.5. Suppose that X is a regular Lefschetz complex and V is
a combinatorial vector field on X. Then for all x ∈ X we have

〈x,Φx〉 =

{
1 if x ∈ Xc,

0 otherwise.

Proof: We have 〈x,Φx〉 = 〈x, x〉+〈x, ∂Γx〉+〈x,Γ∂x〉. In the case x ∈ Xc

we get from Proposition 9.4 that 〈x, ∂Γx〉 = 0 and 〈x,Γ∂x〉 = 0, which
implies 〈x,Φx〉 = 〈x, x〉 = 1.

Consider now the case x ∈ X−. Then one has x = x− 6∈ X+ and we get
from (63) that 〈x,Γ∂x〉 = 0. Therefore, the definition (62) yields

〈x,Φx〉 = 〈x, x〉+ 〈x, ∂Γx〉 =

1− κ(x+, x−)−1〈x, x−〉〈x, ∂x+〉 = 1− κ(x+, x−)−1κ(x+, x−) = 0.

Finally, we consider the remaining case x ∈ X+. Then x 6∈ X−, and (64)
shows that 〈x, ∂Γx〉 = 0 . Therefore, since ∂x =

∑
y∈X κ(x, y)y, we get

〈x,Φx〉 = 〈x, x〉+ 〈x,Γ∂x〉 = 1 + 〈x,
∑
y∈X

κ(x, y)Γy〉

= 1− 〈x,
∑

y∈X, Γy 6=0

κ(x, y)κ(y+, y−)−1〈y, y−〉y+〉

= 1−
∑

y∈X, Γy 6=0

κ(x, y)κ(y+, y−)−1〈y, y−〉〈x, y+〉

= 1− κ(x+, x−)κ(x+, x−)−1 = 0,

because the only non-zero term in the last sum occurs for the point y ∈ X
which satisfies both y+ = x = x+ and y = y− = x−. �

Proposition 9.6. Suppose that X is a regular Lefschetz complex and V is
a combinatorial vector field on X. Then we have

Φ(C(X+)) ⊂ C(X+).

Proof: Since Φ is linear, it suffices to show that the inclusion x ∈ X+

implies |Φx| ⊂ X+. Thus, take x ∈ X+ and a u ∈ |Φx|. Then 〈u,Φx〉 6= 0.
From (64) we get 〈u, ∂Γx〉 = 0. Therefore, 0 6= 〈u,Φx〉 = 〈u, x〉 + 〈u,Γ∂x〉,
which implies 〈u, x〉 6= 0 or 〈u,Γ∂x〉 6= 0. If 〈u, x〉 6= 0, then u = x ∈ X+.
If the inequality 〈u,Γ∂x〉 6= 0 holds, then we get from (63) that u ∈ X+.
Hence, |Φx| ⊂ X+. �

Proposition 9.7. Suppose that X is a regular Lefschetz complex and V is
a combinatorial vector field on X. Assume further that A ∈ Down(V,≤V).
Then A := |A| is a V-compatible and closed subset of X, and we have the
inclusion Φ(C(A)) ⊂ C(A). Thus, Φ|C(A) : (C(A), ∂κ|C(A))→ (C(A), ∂κ|C(A))

is a well-defined chain map obtained through restriction.
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Proof: Clearly, A is V-compatible, and it follows from Proposition 7.9(i)
that A is closed. Take an x ∈ A. We will prove that Φx ∈ C(A). Since A
is closed, we have |∂x| ⊂ A. Since A is V-compatible, we have |ΓVx| ⊂ A.
Thus, again by closedness and V-compatibility of A, we get both |∂ΓVx| ⊂ A
and |ΓV∂x| ⊂ A. Therefore,

|Φx| = |x+ ∂ΓVx+ ΓV∂x| ⊂ |x| ∪ |∂ΓVx| ∪ |ΓV∂x| ⊂ A.
This finally implies Φx ∈ C(A) and completes the proof. �

Proposition 9.8. Suppose that X is a regular Lefschetz complex and V is
a combinatorial vector field on X. Assume further that x, y ∈ X. Then the
following hold:

(i) If y ∈ |Φx|, then [y] ≤V [x].
(ii) If y ∈ |Φx| and [y] = [x], then y = x .
(iii) If x ∈ |Φx|, then 〈x,Φx〉 = 1.

Proof: In order to see (i), observe that the assumption y ∈ |Φx| implies
the inequality 0 6= 〈y,Φx〉 = 〈y, x〉+〈y, ∂Γx〉+〈y,Γ∂x〉. Thus, either we have
〈y, x〉 6= 0, or 〈y, ∂Γx〉 6= 0, or 〈y,Γ∂x〉 6= 0. In the first case one immediately
obtains x = y and [x] = [y]. Consider now the second case 〈y, ∂Γx〉 6= 0.
This inequality yields both Γx 6= 0 and y ∈ |∂Γx|. Hence, we have x = x−

and Γx = λx+ with λ = −κ(x+, x−)−1 6= 0. This gives |∂Γx| = |∂x+|, as
well as y ∈ |∂x+| ⊂ clx+. It follows that y ∈ [y] ∩ cl[x+] = [y] ∩ cl[x−], and
therefore [y] ≤V [x]. Finally, we consider the third inequality 〈y,Γ∂x〉 6= 0.
Since ∂x =

∑
u∈X κ(x, u)u, we have

0 6= 〈y,Γ∂x〉 =
∑
u∈X

κ(x, u)〈y,Γu〉,

which implies 〈y,Γu〉 6= 0 for some u ∈ |∂x|. But this implies that u = u−

and Γu = λu+ with λ = −κ(u+, u−)−1 6= 0. Hence, the identities y = u+

and [y] = [u+] = [u−] are satisfied, as well as the inclusion u− ∈ |∂x| ⊂ clx.
Thus, [y] ∩ cl[x] 6= ∅, which implies [y] ≤V [x]. This finally completes the
proof of (i).

In order to prove (ii), we observe that y ∈ |Φx| implies dimx = dim y.
Since V is a combinatorial vector field, we further have both [x] = {x−, x+}
and [y] = {y−, y+}. Thus, [x] = [y] and y ∈ |Φx| imply the identity x = y,
which in turn proves (ii).

Finally consider (iii). If x ∈ |Φx|, then 〈x,Φx〉 6= 0. Thus, we get from
Proposition 9.5 that 〈x,Φx〉 = 1. �

We will use the fact that Φ stabilizes under iteration, that is, Φn = Φn+1

for n sufficiently large. This is established in [6, Theorem 7.2]. One can
readily verify that while Forman only considers Z coefficients, his arguments
remain valid for the case of general ring coefficients. Let Φ∞ := Φn = Φn+1

denote this stabilized value.

Proposition 9.9. Assume that V is a gradient vector field on a regular
Lefschetz complex X. If y ∈ |Φ∞x|, then [y] ≤V [x].
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Proof: It suffices to prove that y ∈ |Φnx| implies [y] ≤V [x] for every
positive integer n ∈ N. We proceed by induction on n. For n = 1 the
conclusion is the statement of Proposition 9.8. Thus, fix a k ∈ N and
assume that the conclusion holds for all n ∈ {1, 2, . . . k}. Let y ∈ |Φk+1x|
and let c := Φkx. We have c =

∑
w∈|c|〈c, w〉w and Φc =

∑
w∈|c|〈c, w〉Φw.

Since

y ∈ |Φk+1x| = |Φc| ⊂
⋃
w∈|c|

|Φw|,

we get y ∈ |Φw| for some w ∈ |c| = |Φkx|. Thus, by our induction assump-
tion, we obtain [y] ≤V [w] ≤V [x]. �

We have the following proposition.

Proposition 9.10. Assume that V is a gradient vector field on a regular
Lefschetz complex X. For every x ∈ Xc we have

(66) Φ∞x = x+ rx

where rx is a chain satisfying |rx| ⊂ X+ ∩ | [x]<V |. In particular, Φ∞|Xc is

injective.

Proof: Let x ∈ Xc. Since Φ∞ = Φn for a large n ∈ N, it suffices to verify
that for every positive integer n ∈ N

(67) Φnx = x+ rn

where rn is a chain satisfying

(68) |rn| ⊂ X+ ∩ | [x]<V |.

We proceed by induction on n. Assume first that n = 1 and set r1 := Γ∂x.
From Proposition 9.3 we see that |r1| ⊂ X+ and, since x ∈ Xc, one obtains
further 〈x, r1〉 = 0. It follows from x ∈ Xc that Γx = 0. Therefore, the
identity Φx = x + Γ∂x = x + r1 holds. To show that |r1| ⊂ | [x]<V |, take
an arbitrary y ∈ |r1|. Then 〈y, r1〉 6= 0, and since 〈x, r1〉 = 0, we get x 6= y,
that is, 〈y, x〉 = 0. It follows that 〈y,Φx〉 = 〈y, x〉 + 〈y, r1〉 = 〈y, r1〉 6= 0.
Hence, y ∈ |Φx|. Thus, Proposition 9.8(i) gives [y] ≤V [x] and [y] ∈ [x]≤V .
Since y 6= x, and in view of the fact that Φ is a degree 0 map, one further
has dim y = dimx, and we also get [y] 6= [x] and [y] ∈ [x]<V . This in turn
yields y ∈ | [x]<V |. Therefore, |r1| ⊂ | [x]<V | and the proof of (67) for n = 1
is complete.

Next, fix a k ∈ N and assume that (67) holds for all n ≤ k with rn
satisfying (68). We then have Φk+1x = Φ(Φkx) = Φx+ Φrk = x+ r1 + Φrk,
and let rk+1 := r1 + Φrk. It follows from the induction assumption and
Proposition 9.6 that |rk+1| ⊂ |r1| ∪ |Φrk| ⊂ X+. Since |r1| ⊂ | [x]<V |, it
suffices to prove that |Φrk| ⊂ | [x]<V | in order to see that |rk+1| ⊂ | [x]<V |.
For this, take an arbitrary element y ∈ |rk|. Then the induction assumption
gives y ∈ | [x]<V |. Since | [x]<V | is V-compatible, it follows that [y] ∈ [x]<V .
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Since [x]<V is a down set, we get [y]≤V ⊂ [x]<V and | [y]≤V | ⊂ | [x]<V |.
Thus, we proved that

(69) y ∈ |rk| ⇒ | [y]≤V | ⊂ | [x]<V |.

We have rk =
∑

y∈|rk|〈rk, y〉y and Φrk =
∑

y∈|rk|〈rk, y〉Φy. By Proposi-

tion 9.8(i) and property (69)

|Φrk| ⊂
⋃

y∈|rk|

|Φy| ⊂
⋃

y∈|rk|

| [y]≤V | ⊂ | [x]<V |.

Thus,

|rk+1| ⊂ |r1| ∪ |Φrk| ⊂ | [x]<V | ∪ | [x]<V | = | [x]<V |,

which completes the induction argument.
Finally, to prove that Φ∞|Xc is injective we will show the more general

statement that Φ∞|C(Xc) is a monomorphism. For this, it suffices to verify

that Φ∞c = 0 implies c = 0 for c ∈ C(Xc). Let c ∈ C(Xc). Then

c =
∑
x∈Xc

axx,

and by (66)

0 = Φ∞c =
∑
x∈Xc

axΦ∞x = c+
∑
x∈Xc

axrx ∈ C(Xc)⊕ C(X+).

Hence, it follows that c = 0. �

Consider the set

Fix Φ := { c ∈ C(X) | Φc = c }

consisting of chains fixed by Φ. Clearly, if c ∈ Fix Φ, then ∂c ∈ Fix Φ, be-
cause Φ∂c = ∂Φc = ∂c. It follows that (Fix Φ, ∂|Fix Φ) is a chain subcomplex
of (C(X), ∂) and Φ∞ : (C(X), ∂)→ (Fix Φ, ∂|Fix Φ) is a chain epimorphism.
For this, note that Φ∞ = Φn for large n and that Φ is a chain map.

Recall that Xc ⊂ X stands for the collection of critical cells of V. For
every x ∈ Xc we define x̄ := Φ∞x ∈ Fix Φ.

Proposition 9.11. Assume that V is a gradient vector field on a regular
Lefschetz complex X. The the following hold:

(i) The set

X̄ := { x̄ | x ∈ Xc }
is a basis of Fix Φ.

(ii) For every x ∈ Xc we have

(70) ∂x̄ =
∑
z∈Xc

axz z̄,

for uniquely determined coefficients axz ∈ R.
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(iii) The pair (X̄, κ̄), where the Z-gradation of X̄ is induced by the map
dim : X̄ 3 x̄ 7→ dimx ∈ Z and κ̄(x̄, z̄) is the coefficient axz in (70),
is a Lefschetz complex and C(X̄) = Fix Φ.

Proof: In order to prove (i) consider the projection Π : Fix Φ → C(Xc)
given for c ∈ Fix Φ by Πc :=

∑
x∈Xc〈c, x〉x. It follows from the proof of [6,

Theorem 8.2] that Φ∞Π = idFix Φ. Take a c ∈ Fix Φ. Then

c = Φ∞(Πc) = Φ∞(
∑
x∈Xc

〈c, x〉x) =
∑
x∈Xc

〈c, x〉Φ∞x =
∑
x∈Xc

〈c, x〉x̄

proving that X̄ generates Fix Φ. To see that X̄ is linearly independent,
assume that ∑

x∈Xc

axx̄ = 0

for some coefficients ax ∈ R. Then 0 =
∑

x∈Xc axΦ∞x = Φ∞(
∑

x∈Xc axx).
Since

∑
x∈Xc axx ∈ C(Xc), and Φ|C(Xc) : C(Xc)→ Fix Φ is an isomorphism

due to [6, Theorem 8.2], we conclude that
∑

x∈Xc axx = 0. This in turn

implies ax = 0 for all x ∈ Xc. Thus, X̄ is indeed a basis of Fix Φ.
In order to see (ii), we observe that ∂κx̄ ∈ Fix Φ. Thus, (70) follows im-

mediately from (i). Finally, by Proposition 7.3 the pair (X̄, κ̄) is a Lefschetz
complex and clearly C(X̄) = Fix Φ, which proves (iii). �

It follows from Proposition 9.10 that the map Xc 3 x 7→ x̄ ∈ X̄ is a
bijection. Hence, also the map C 3 {x} 7→ x̄ ∈ X̄ is a bijection, which lets
us carry over the partial order ≤V from C ⊂ V to X̄. Thus, for x̄, ȳ ∈ X̄ we
write x̄ ≤V ȳ if {x} ≤V {y}. Then we have the following result.

Proposition 9.12. Assume that V is a gradient vector field on a regular
Lefschetz complex X. Then the partial order ≤V in X̄ is a natural partial
order on the Lefschetz complex (X̄, κ̄).

Proof: First we will prove that the order ≤V in X̄ is admissible, that
is, ȳ ≤κ̄ x̄ for x, y ∈ Xc implies ȳ ≤V x̄. Since the partial order ≤κ̄ is
the transitive closure of ≺κ̄, it suffices to prove that the inequality ȳ ≺κ̄ x̄
implies ȳ ≤V x̄. Thus, assume that x, y ∈ Xc and ȳ ≺κ̄ x̄. Then, κ̄(x̄, ȳ) 6= 0.
By Proposition 9.11(i) we have ∂x̄ =

∑
z∈Xc axz z̄, where axz := κ̄(x̄, z̄). By

Proposition 9.10 we have z̄ = Φ∞z = z + rz, where |rz| ⊂ X+ ∩ | [z]<V |.
Since y ∈ Xc ⊂ X \X+, we have

〈∂x̄, y〉 =
∑
z∈Xc

axz〈z̄, y〉 =
∑
z∈Xc

axz (〈z, y〉+ 〈rz, y〉)

=
∑
z∈Xc

axz〈z, y〉 = axy = κ̄(x̄, ȳ) 6= 0.

It follows that

y ∈ |∂x̄| = |∂Φ∞x| = |Φ∞∂x| =

∣∣∣∣∣∣Φ∞
 ∑
w∈|∂x|

κ(x,w)w

∣∣∣∣∣∣ ⊂
⋃

w∈|∂x|

|Φ∞w|.
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Thus, y ∈ |Φ∞u| for some u ∈ X such that κ(x, u) 6= 0. From Proposition 9.9
we get [y] ≤V [u]. Since κ(x, u) 6= 0 we further have u ∈ clx, which in turn
implies u ∈ [u]∩cl[x]. In consequence [u] ≤V [x] and {y} = [y] ≤V [x] = {x}.
Thus, by the definition of ≤V in X̄ we get ȳ ≤V x̄.

To see that ≤V is natural, let x̄, ȳ ∈ X̄ satisfy x̄ ≤V ȳ and dim x̄ = dim ȳ.
Then {x} ≤V {y} and dimx = dim y. Thus, we cannot have {x} <V {y},
because then, by Proposition 9.2(ii), dimx = dim{x} < dim{y} = dim y. It
follows that {x} = {y} and x̄ = ȳ, which proves that the order is natural. �

In the sequel we consider X̄ as a poset ordered by the natural partial
order ≤V in V, transferred to X̄ via {x} 7→ x̄, and the triple (X̄, C(X̄), ∂κ̄)
as a natural filtration of X̄.

Proposition 9.13. Assume that V is a gradient vector field on a regular
Lefschetz complex X. Then we have a well-defined filtered morphism

(idV ,Φ) : (V, C(X), ∂κ)→ (V, C(X), ∂κ).

Moreover, (idV ,Φ)n = (idV ,Φ
n) is filtered chain homotopic to the identity

morphism id(V,C(X)) for every n ∈ N. In particular, (idV ,Φ
∞) is filtered

chain homotopic to id(V,C(X)).

Proof: Clearly, Φ is a chain map and idV : (V,V?) → (V,V?) is a mor-
phism in DPSet. Hence, to prove that (idV ,Φ) is a well-defined filtered mor-
phism we only have to show that Φ is idV -filtered. We will do so by checking
property (11) of Corollary 4.6. Consider the down set L ∈ Down(V) and
set L := |L|. Then C(X)L =

⊕
V ∈LC(V ) = C(L), and we need to verify

that Φ(C(L)) ⊂ C(L). But this follows from Proposition 9.7, because L is
immediately seen to be V-compatible and closed by Proposition 7.9(i).

Since by Proposition 5.14 filtered chain homotopy between morphisms is
preserved by composition, in order to prove that (idV ,Φ)n = (idV ,Φ

n) is
filtered homotopic to the identity morphism it suffices to prove that (idV ,Φ)
is filtered homotopic to the identity morphism. By the definition of Φ we
have Φ − idC(X) = ∂Γ + Γ∂. Thus, we only need to check that Γ is idV -
filtered. Hence, assume that ΓVW 6= 0 for some V,W ∈ V. Then, there
exists a w ∈ W such that πV (Γw) 6= 0. In particular, one has Γw 6= 0,
which implies both w = w− 6= w+ and Γw = −κ(w+, w−)−1w+. It follows
that w+ ∈ V . Thus V = W = idV(W ), which proves that Γ is idV -filtered,
in fact, even graded. Finally, since Φ∞ = Φn for large n ∈ N, it follows that
also (idV ,Φ

∞) is filtered chain homotopic to id(V,C(X)). �

Proposition 9.14. In the situation of the last proposition, we have a well-
defined filtered morphism

(α,ϕ) : (V, C(X), ∂κ)→ (X̄, C(X̄), ∂κ̄)

with α : X̄ → V defined for x ∈ Xc by α(x̄) := {x} and ϕ : C(X) → C(X̄)
defined for c ∈ C(X) by ϕc := Φ∞c.
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Proof: First observe that by Proposition 9.2(iii) we have V? = C, and
by Theorem 7.16(i) we have X̄? = X̄. Therefore, α is a morphism in DSet
and since we consider X̄ as ordered by the natural order ≤V , the map α
is trivially order preserving, hence also a morphism in DPSet. Obviously,
the map ϕ is a chain map. We will show that ϕ is α-filtered by checking
property (10) of Proposition 4.5. Let L ∈ Down(V) and let L := |L|. Then
we have C(X)L =

⊕
V ∈LC(V ) = C(L). Observe that α−1(L) is a down set

in X̄. Indeed, if x̄ ∈ α−1(L) and ȳ ≤V x̄, then {y} ≤V {x} = α(x̄) ∈ L,
which implies α(ȳ) = {y} ∈ L and ȳ ∈ α−1(L). Hence, α−1(L)≤ = α−1(L).
It follows that C(X̄)α−1(L)≤ = C(X̄)α−1(L) =

⊕
{u}∈LRū. Thus, in our case,

we have to verify condition (10) in the form

(71) Φ∞(C(L)) ⊂
⊕
{u}∈L

Rū.

In order to verify (71) take a c ∈ C(L), and let c̄ := Φc = Φ∞c. In view of
Proposition 9.10 we have

(72) c̄ =
∑
u∈Xc

auū =
∑
u∈Xc

auu+
∑
u∈Xc

auru

for some coefficients au ∈ R and chains ru satisfying |ru| ∩Xc = ∅, as well
as

(73) |ru| ⊂ |[u]<V |.
Consider a u ∈ Xc such that {u} 6∈ L, i.e., one has u 6∈ L. Since by
Proposition 9.7 we have ϕ(C(L)) = Φ∞(C(L)) ⊂ C(L), it then follows that
the identity 〈c̄, u〉 = 0 holds. But now equation (72) gives 〈c̄, u〉 = au,
because (73) implies 〈ru, u〉 = 0. Therefore, we have au = 0 for u 6∈ L,
which subsequently proves

c̄ =
∑
u∈L

auū ∈
⊕
u∈L

Rū.

This verifies (71) and completes the proof. �

Proposition 9.15. In the situation of the last proposition, we have a well-
defined filtered morphism

(β, ψ) : (X̄, C(X̄), ∂κ̄)→ (V, C(X), ∂κ)

with β : V 9 X̄ defined for x ∈ Xc by β({x}) := x̄ and ψ : C(X̄) → C(X)
defined for c ∈ C(X) by ψc := c.

Proof: As we already mentioned, Proposition 9.2 implies that V? = C,
and Theorem 7.16(i) gives X̄? = X̄. Therefore, β is a morphism in DSet.
Moreover, since we consider X̄ as ordered by the natural order≤V , the map β
is trivially order preserving, hence also a morphism in DPSet. Obviously,
the map ψ is a chain map. We will show that ψ is β-filtered by checking
again property (10) of Proposition 4.5. Consider a down set A ∈ Down(X̄).
Clearly, we have C(X̄)A = C(A). If we define L := β−1(A), then in general L
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is not a down set in V, but L≤V is. We therefore consider L := |L≤V |, and
obtain the identity C(X)β−1(A)≤V = C(X)L≤V = C(L). Thus, in our case,

condition (10) has to be verified in the form

(74) ψ(C(A)) = C(A) ⊂ C(L).

Consider first a chain x̄ ∈ A for an x ∈ Xc. Then β({x}) = x̄ ∈ A, which
means that {x} ∈ β−1(A) = L and |x| = {x} = [x] ∈ L ⊂ L≤V . It follows
from Proposition 9.10 that x̄ = Φ∞x = x + rx where |rx| ⊂ X+ ∩ | [x]<V |.
Hence, the inclusion |x̄| ⊂ |x| ∪ |rx| ⊂ [x]∪ |[x]<V | = | [x]≤V | ⊂ |L≤V | = L is
satisfied, because [x] ∈ L ⊂ L≤V and L≤V is a down set. This immediately
shows that x̄ ∈ C(L). Since every chain in C(A) is a linear combination of
chains in A, the inclusion (74) follows. �

Theorem 9.16. Assume that V is a gradient vector field on a regular Lef-
schetz complex X. Then the filtered morphisms (α,ϕ) and (β, ψ) defined in
the last two propositions are mutually inverse filtered chain equivalences. In
particular, the filtered chain complexes (V, C(X), ∂κ) and (X̄, C(X̄), ∂κ̄) are
filtered chain homotopic.

Proof: Clearly, one has βα = idX̄ . Moreover, if c ∈ Fix Φ, then Φ∞c = c.
Therefore, the identity ϕψ = idFix Φ = idC(X̄) holds and we get

(α,ϕ) ◦ (β, ψ) = (βα, ϕψ) = (idX̄ , idC(X̄)) = id(X̄,C(X̄)) .

Thus, (α,ϕ) ◦ (β, ψ) is filtered homotopic to id(C,C(X̄)) via the zero filtered
homotopy. In the opposite direction we have

(75) (β, ψ) ◦ (α,ϕ) = (αβ, ψϕ) = (idV|C ,Φ
∞).

Since V? = C, we see that (idV|C ,Φ
∞) ∼e (idV ,Φ

∞). Hence, it follows from
Proposition 9.13 and (75) that (α,ϕ) ◦ (β, ψ) is filtered chain homotopic to
the identity id(V,C(X)). The conclusion follows. �

Theorem 9.17. Let V be a gradient combinatorial vector field on a regular
Lefschetz complex X. Then C, the collection of the critical vectors of V, is
a Morse decomposition of V. It has exactly one connection matrix which
coincides with the (X̄, X̄)-matrix of ∂κ|Fix Φ up to a graded similarity.

Proof: It follows from Proposition 9.1 that C is a Morse decomposition
of V and the partition induced on X by this Morse decomposition is V.
Thus, by Definition 8.8, the Conley complex of C is the Conley complex
of (V, C(X), ∂κ). From Corollary 6.12 and Theorem 9.16 we obtain that
the Conley complex of (V, C(X), ∂κ) is isomorphic in PfCc to the Conley
complex of (X̄, C(X̄), ∂κ̄) with X̄ ordered by a natural partial order. Since,
by Proposition 9.11 and Definition 7.15, the latter is the Conley complex of
a natural filtration of a Lefschetz complex, the conclusion follows directly
from Theorem 7.16(ii). �

Example 9.18. Consider the partition E1 := EM1 associated with the
Morse decompositionM1 of the vector field V1 in the middle of Figure 5. In
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A B

D E

A B

D E

Figure 6. Conley complexes (X̄, ∂κ̄) for the Morse decom-
positionsM1 (left) andM2 (right) of the combinatorial gra-
dient vector fields V1 and V2 in Figure 5, visualized as κ-
subcomplexes of simplicial complexes.

this simple case it coincides with the vector field V1. Hence, the Hasse dia-
gram of the partial order ≤E1 coincides with diagram (56). It follows that V1

is a gradient vector field and by Theorem 9.17 M1 has exactly one connec-
tion matrix. One can verify that the morphisms (α′, h′) and ((α′)−1, g′)
constructed as in Example 6.13 are also filtered with respect to the filtra-
tion (E1, C(X), ∂κ). Therefore, arguing as in Example 6.13 we conclude
that the Conley complex ofM1 is the filtered chain complex in Example 5.9
with the associated connection matrix (27). In fact, the homomorphism h′

coincides with homomorphism ΦV1 and ΦV1 = Φ∞V1
in this case. An analo-

gous argument shows that the Conley complex of M2 is the filtered chain
complex in Example 6.16 with the associated connection matrix (31). Both
Conley complexes are visualized in Figure 6 as κ-subcomplexes of simplicial
complexes.
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